
Chapter 1

‚‚‚˝̋̋pppåååõõõöööπππ↵↵↵

1.1 ÇÇÇááá���eee

1.1.1 èèè:::ãããˆ̂̂ÑÑÑÇÇÇááá

�L⌦E·Üè:ãˆ⇢�öaˆ↵��*ãˆÔ˝—�_Ô˝�—�. ãÇ⇢∑∞P∑˙6�ïÓï-�

∑l�˙˝Ω�m“i-'V�xLx0'ã· · · . Ÿv�IéÙ° ƒã�⌘ÏÔÂ(Çá��‡á e
œè:ãˆ.

ÇÇÇáááÑÑÑöööIII⇢⇢⇢

œåh��(�!’å-��*è:ãˆ/&—��}Ù⇥ ÇúN!¯�Ñ’å(N ! 1)-�–�ãˆ

�Aãˆ —�Ñ!pNA�NK‘ãé3öÑÅP<

lim
N!1

NA

N
= P (A) (1.1)

⇡P (A)´\ãˆA—�ÑÇá.

˘é M*�7Ô˝'ãˆÑ≈µ(⇢89n˘'ÔÂ$≠), œ*ãˆ—�ÑÇáÍ6:1/M . ‘

Ç∑∞PÑ≈µ�˙∞1π06π/6*��Ñè:ãˆ⇥œ*ãˆÂ�7ÑÔ˝'—��vÇáÍ6

/limN!1NA/N = 1/6.

ííí•••ãããˆ̂̂(muturally exclusive)ÑÑÑ†††’’’ööö⌃⌃⌃

Çú$*è:ãˆ(�!¬K-�Ô˝�ˆ—�, Ÿ$*ãˆ:í•ãˆ. ãÇ(∑∞Pˆ, ˙∞1π�

˙∞3π/í•ãˆ.

ÂA�Bí•�ÓãˆA�ãˆB˙∞(∞:A + B)ÑÇá/⇢⌘� æÛ\N!¬K, ãˆA˙∞NA!,

B˙∞NB!, ⇡A�B˙∞ÑÇá:

lim
N!1

NA +NB

N
= P (A) + P (B) ⌘ P (A+B) (1.2)

†’ö⌃ÔÂ®�0⇢*í•ãˆÑ≈b

P (A1) + P (A2) + P (A3) + · · ·+ P (Am) = P (A1 +A2 + · · ·+Am) (1.3)

>6hËí•ãˆ˙∞ÑÇá:1� shËí•ãˆ-; �*Å—�⇥

X

i

P (i) = 1 (1.4)

Ÿ:R��aˆ.

ÏÏÏÀÀÀãããˆ̂̂(independent events)���ˆ̂̂˙̇̇∞∞∞ÑÑÑXXX’’’ööö⌃⌃⌃
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í�¯rÑè:ãˆ�ãÇT$*∞P, ⌅Íó⌅ÍÑπp, :ÏÀãˆ.

æA,B:$*ÏÀãˆ. ÉÏ�ˆ—�∞:A · B. ‘Ç��ˆTN!$*∞P. Aãˆ/,�*∞Pó4,

Bãˆ/,å*∞Pó4. ÂNAh:,�*∞Pó4πÑ!p��°,å*∞P/‡π , ‡dNA-–õ!

,å*∞P_/4�Ÿ*!p∞:NA·B , _1/A,B�ˆ—�Ñ!p.

9nöI, ,�*∞Pó4�,å*∞Pó4Ÿ*ãˆ—�ÑÇá1Ié

P (A ·B) ⌘ lim
N!1

NA·B
N

(1.5)

= lim
N!1

NA

N
⇥ NA·B

NA

(1.6)

= P (A)P (B) (1.7)

ŒÊ�*“¶↵, ∑$*∞Pq 36ÕÔ˝Ñ”ú�C  . Í↵,�*∞PÑπp�Ô˝Ñ”ú/6Õ.

ÇúŸöA�,�*∞PÑπp), ↵,å*∞PÑπp�ÿ/Í 6ÕÔ˝Ñ”ú⇥ ‡d,�*∞Pó4�

,å*∞P_/4ÑÇá/1/6⇥ 1/6 = 1/36. c}˘î36Õ�7Ô˝'Ñ”úK�.

⌦✏\ÏÀãˆÑX’ö⌃⇢ $*ÏÀãˆ—�ÑÇáIé$*ãˆ⌅Í—�ÑÇáÑXÔ.

1.1.2 ⌃⌃⌃⇤⇤⇤˝̋̋ppp(distribution function)

öIèèè:::ÿÿÿœœœ(stochastic/random variable), ÉÑ<1�*ûåÑ”ú@≥öÑ� �öÇá÷⌅ÕÔ

˝< .

æ �*è:ÿœX� ÉÔÂ÷ x1, · · · , xi, · · · , xn; P1, · · · , Pi, · · · , Pn/÷¯î<ÑÇá. ⌘ÏX:ª

cãè:ÿœ, {Pi} :è:ÿœXÑÇá(‡á)⌃⇤.

‘Ç∑�*∞P, X:πp, ÔÂ÷1, 2, 3, 4, 5, 6; ¯î‡áP (1) = P (2) = · · · = P (6) = 1/6.

ç‘Ç$*∞P, X:$*π-Ñ'p, Õ6ÔÂ÷1, 2, 3, 4, 5, 6, F/¯îÑ‡á⌃⇤1�/1/6Ü. �£

H/�H⌃⇤Ñb� 

>6, Çá⌃⇤·≥aˆ:

P (xi) � 0, i = 1, 2, · · · (1.8)
X

i

P (xi) = 1 (1.9)

ÇúXÑ÷<fiÌ�£H�*:Ù˘îé�*ãˆ. è:ÿœX÷<(x � x+ dxKÙÑÇá:dP (x) =

⇢(x)dx�v-⇢(x):Çá∆¶. GæX(a, bKÙ÷<�£H

⇢(x) � 0 (1.10)
bZ

a

⇢(x)dx = 1 (1.11)

Ç˛Fig. 1.1 @:.

1.1.3 flflfl°°°sssGGGååå⌥⌥⌥∆∆∆OOOÓÓÓ

⇤Qªcãè:ÿœX, vÔÂ÷x1, x2, · · · , xn. æ(N!ûå-Kó⌦p<Ñ!p: N1, N2, · · · , Nn. S

¬K!pãé‡wˆ, XÑó/sGãé�öÑÅP�\XÑfl°sG<(average), (œPõfÃ_�

�<(expectation value):

X ⌘ hXi = lim
N!1

N1x1 +N2x2 + · · ·
N

= x1P1 + x2P2 + · · · =
X

i

Pixi. (1.12)
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Figure 1.1: fiÌè:ÿœÑÇá⌃⇤:✏˛.

˘éfiÌãè:ÿœX, ÷x0x+ dxÑ‡á:⇢(x)dx�vfl°sG<:

X ⌘ hXi =
Z

b

a

x⇢(x)dx, (1.13)

a, b h:XÑ÷<⇤Ù.

∞(⌘ÏÛœXÑ<(X⌦↵®=ÑE¶, �Hû� Çú⇤Q

�X ⌘ X �X =
X

i

(xi �X)Pi =
X

i

xiPi �X

X

i

Pi = 0 (1.14)

˘˚✏⌃⇤˝/ˆ, �˝æ0ÓÑ.

⌘Ï�e

(�X)2 ⌘ (X �X)2 =
X

i

(xi �X)2Pi (1.15)

=
X

i

(xi
2 � 2(X)xi + (X)2)Pi

= X2 � (X)2,

:XÑ®= �⇧ GπOÓ(πÓ�variance). �π1/XÑ⌥∆OÓ(standard deviation), (œPõfÃ

_�nö¶(uncertainty):

�X ⌘ ((�X)2)1/2 = (< X
2
> � < X >

2)
1
2 . (1.16)

Â⌦öIÔÂàπ◆®�0fiÌÿœ. Ë✏⇢�X✏�✏s@P (x)(XD— �⇣.

√`⇢

1. �ÂÓò. �*Ì12*∫�Óv-X($*∫Â⌦�Â¯�ÑÇá⇢'���⇤Qt�Gæ�*∫

(�t-˚✏�)˙�ÑÇá¯� .

–:⇢ 1. �L⌦˚✏$*∫�Â¯�ÑÇá:1/365. 2. ˚✏$*∫÷Ï�Â��ÑÇá:364/365. 3.  

*∫b�

2. (Ùî:lÑsLø⌦T�¶:lÑkÙ“. Ó“�ø¯§Ñ‡á�

–:⇢ ¯§Ñaˆ/¿H�

• ,ÇÖπ¬⇤⇢ j◊⁄, ⌦Ìõf·fl°i⌃↵, ÿIY≤˙H>, ,€H.
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1.2 ‚‚‚˝̋̋ppp   vvv‡‡‡ááá„„„   

Figure 1.2: P9⇢«A,B$„⌅⌘ô¡

⌘ÏHe⇤Q‡*GÛûå.

ñH⇤QP9⇢«A,B$„⌅⌘ô¡(¡˛1.2). ÇúsÌB„�P9⇢«A„=(ô¡⌦ÑÇá⌃⇤

:⇢0
A
(x); ÇúsÌA„, P9⇢«B„=(ô¡⌦ÑÇá⌃⇤:⇢0

B
(x). Â�ˆS�A„åB„�P9=(ô

¡xD—ÑÇá⇢/�7Ñb�

Gæ⌘Ïq—⌅Ü2N—P9. v-NA(x)—�«A„=(ô⌦xD—dx⇤ÙÖ. {<ÑNB(x)/�«B„

=(xD—dx⇤ÙÑpÓ.

>6⌘ÏÔÂŸ7°ó=(xD—ÑÇá∆¶

⇢A+B(x)dx = lim
N!1

NA(x) +NB(x)

2N
= lim

N!1
N

2N

NA(x) +NB(x)

N

=
1

2
(⇢0

A
(x) + ⇢

0
B
(x))dx = [⇢A(x) + ⇢B(x)]dx

(1.17)

v-⇢A(x) ⌘ ⇢
0
A
(x)/2/$„h�≈µ↵, P9⇢«A„=(ô¡xD—ÑÇá∆¶; ⇢B(x) ⌘ ⇢

0
B
(x)/2/⇢

«B„=(ô¡xD—ÑÇá∆¶. 1/2Õ ÜP9 È�*„ÑÇá⇥ 1éP9ÅH⇢«A„�ÅH⇢

«B„=(x, @ÂŸ/$*í•Ñ è:ãˆ, @Â⇢«A�B=(xÑÇá1/$⇧Kå. Ÿ/&�⌘ÏÑœ

åÑ.

∞(e⇤Q5P™—⌅Ñ5P⇢«A,B$�⌅⌘OUÑûå(¡˛1.3).

{<P9ûå, ÇúsÌB„, ⌘Ï↵05P⇢«A�=(OU⌦ÑÇá⌃⇤: ⇢
0
A
(x). sÌA„, 5P⇢

«B„=(OU⌦ÑÇá⌃⇤:⇢0
B
(x). Â�ˆS�A„åB„, àÍ60, ⌘Ï��ó0Çπ↵(1.17)œÑ

Çá⌃⇤.

6��ûÑûåJ…⌘Ï, ≈µv^Çd. 5P=(OUÑÇá⌃⇤<N�·≥í•ãˆÑ†’ö⌃�

⇢A+B(x) 6= ⇢A(x) + ⇢B(x). (1.18)

h�⌘Ï�˝ÄU0ä=(x⌅Ñ5P⌃⇣ŒA„eÑåŒB„eÑ. ûE⌦5P(OU⌦ÑÇá⌃⇤^8{

< é4‚⇢«Ã��(‹⌅Ñrâ˛7.
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Figure 1.3: 5P⇢«A,B$�⌅⌘OU

˘é4‚(¡˛1.4), ÇúÍ��*A�, (‹⌅Kœ0Ñ4‚:¶IA(x)⌃⇤{<é ⇢
0
A
(x); {<Ñ≈µ⇥

(éÍ�B�, ⌃⇤IB(x). wS0, :¶1 ≠0xÑ‚Ñ�/EÑ!π≥ö:

IA(x) = |h(x)ei
2⇡lA

� |
2

(1.19)

IB(x) = |h(x)ei
2⇡lB

� |
2

(1.20)

v-�/‚�, lA, lB/‚ ≠Ô↵. h(x)/4‚(x⌅Ñ/E'✏⇥

SÃ�˝S�Ñˆ⇡, (x⌅Kœ0Ñ‚:¶îÂ1‡†�‚EÑ!π≥ö, ��/c‘é:¶Ñ¯†:

IA+B(x) = |h(x)ei
2⇡lA

� + h(x)ei
2⇡lB

� |
2
= IA(x) + IB(x) + 2h2 cos k(lA � lB) (1.21)

Ÿ7⌘Ï1(‹⌅↵0Ü4‚Ñrâ˛7.

⌘ÏÔÂó0Ÿ7Ñ”∫: ÅÅÅœœœ555PPPŸŸŸ777ÑÑÑÆÆÆ¬¬¬íííPPPÑÑÑ–––®®®∂∂∂���, UUUØØØÑÑÑ‡‡‡ááá///������ÑÑÑ, ÅÅÅ(((‚‚‚˝̋̋ppp.

‚‚‚˝̋̋pppÑÑÑ!!!πππMMM///‡‡‡ááá(∆∆∆nnnÙÙÙ///‡‡‡ááá∆∆∆¶¶¶���‡‡‡ :::ŸŸŸÃÃÃÿÿÿœœœ///fififiÌÌÌÑÑÑ. ÂÂÂ���⌘⌘⌘ÏÏÏÿÿÿ⇢⇢⇢GGG000ÿÿÿœœœ///ªªªcccÑÑÑ≈≈≈

µµµ���£££HHH¯̄̄îîî‚‚‚˝̋̋pppÑÑÑ!!!πππ111///‡‡‡áááÜÜÜ). �*5PÑ‚˝pÔÂ�ˆŒ$*�-⇢«, S0æx⌅ˆ—�¯

r‡†, ‡†�Ñ‚˝pÑ!π/(Â⌅—∞5PÑÇá∆¶. Ÿ´:‚‚‚˝̋̋pppÑÑÑ‡‡‡ááá„„„   , 1Born�È–

˙.

‚˝p�,ô\ (x, t), /ˆÙåzÙÑ˝p. ⇢8·≥R��aˆ��·≥Ñ≈µÂ�®∫ :

Z
| (x, t)|2dx = 1, (1.22)

Ô⌃/˘hzÙ€L. ˘˚✏ˆ;˝⇣À. �,˛↵�â 5PÑß��nm).

Çú ⇢*íP, ‚˝pÔÂô⇣  (x1, x2, · · · , xn; t), v!πh:(zÙMnx1⌅—∞ ,�*íP, �

ˆ(x2⌅—∞,å*íP, . . . , (xn⌅—∞,n*íPÑ‡á∆¶. vR��Ñb✏:⇢

Z
| |2dx1dx2 · · · dxn = 1 (1.23)
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A

B

x
l

l A

B

Figure 1.4: 4‚ÑÃ�râ.

pf⌦↵, ‚˝p;ÔÂ↵Z/sb‚Ñ‡†. ⌘Ïä–�ˆ;Ñ‚˝p (x, t)ô: (x), 1ÖÃˆ⌃„
8
<

:

 (x) = 1

(2⇡)
1
2

R
'̃(k)eikxdk

'̃(k) = 1

(2⇡)
1
2

R
 (x)e�ikx

dx
(1.24)

v-, k:sb‚Ñ‚‚.

9n∑⇤W✏s˚, w ‚‚kÑsb‚w �ö®œp,

~p = ~~k, (1.25)

✏1.24ÔÂ9ô⇣⇢ 8
<

:

'(p) = 1

(2⇡~) 1
2

R
 (x)e�i

p

~x
dx

 (x) = 1

(2⇡~) 1
2

R
'(p)ei

p

~x
dp

(1.26)

v-'(p) = '̃(k)/~1/2� _/‚˝p, ⌘Ï:®®®œœœzzzÙÙÙ(���®®®œœœhhhaaa↵↵↵) ÑÑÑ‚‚‚˝̋̋ppp� vi⌃✏I:⇢ É

Ñ!π:íP®œ:pÑ‡á∆¶. ⌃êœ≤, ÔÂà⇧Zå¡Ÿ�π. � (x)∆n0Ù/P⌥zÙ�P⌥h

a Ñ‚˝p.

⌦bÑl✏ÔÂô⇣ Ùb✏⇢
8
<

:

'(~p) = 1

(2⇡~) 3
2

R
 (~r)e�i

~p·~r
~ d~r

 (~r) = 1

(2⇡~) 3
2

R
'(~p)ei

~p·~r
~ d~p

(1.27)

)(
1

2⇡

Z 1

�1
e
ikx

dk = �(x), (1.28)

ÔÂ¡��Çú Z
| (~r)|2d~r = 1



1.2. ‚˝p v‡á„  7

Figure 1.5: (eÍWiki~—) U5PÃ�ûå˛7. OU⌦ (a) 11, (b) 200, (c) 6000, (d)40000, (e) 140000*

5P

⇡ Z
|'(~p)|2d~p = 1

⌘Ïe↵�*ãP. Gæ–�ˆ;t0��*íPÑ(P⌥ha)‚˝p:

 (x) = Ae
�↵

2
x
2

2 ,

v-↵:�*ûp�A:�*�8p. ⇡v®œha‚˝p:

'(p) =
A

(2⇡~) 1
2

Z
e
�↵

2
x
2

2 �i
p

~x
dx (1.29)

=
A

(2⇡~) 1
2

Z
e
�↵

2

2 (x2+i
2p

↵2~x+ i
2
p
2

↵4~2 )� p
2

2↵2~2 dx (1.30)

=
A

(2⇡~) 1
2

p
2⇡

↵
e
� p

2

2↵2~2 . (1.31)

ŸÃ⌘Ï(0ÿØÔ⌃ Z 1

�1
exp(�x

2)dx =
p
⇡. (1.32)

1‚˝pÑR��aˆó|A|2 = ↵/
p
⇡, ‡d|A| = (↵/

p
⇡)1/2. Ë✏⌘Ïv�˝åhnöA, ‡:vE“

v�ÂS. (œPõfÃb�*‚˝pÑ”tSE“”ÔÂ/˚✏¶öÑ�‡:Év�qÕ‚˝pÑ‡á„

 ⇥F/�ÊnöŸ*E“�_¯M �‚˝pÑ÷<1/U<Ñ(�A∏�*Mn $*��Ñ˝p

<). ŸÃ⌘Ï÷A:ûp.

é/

'(p) =
1

⇡
1
4 (~↵) 1

2

e
� p

2

2↵2~2 . (1.33)
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 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

-1/alpha 0 1/alpha

psi2(x)

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

-hbar*alpha 0 hbar*alpha

phi2(p)

Figure 1.6: (a)íPÑzÙMn‡á⌃⇤⇥(b)íPÑ®œ‡á⌃⇤

9n (x)å'(p)Ñ!π�˝/ÿØ˝p , ⌘ÏÔÂ↵0íP;Å˙∞(0D—±1/↵Ñ⇤ÙÖ, �v®œ

⌃⇤(0D—±~↵Ñ⇤ÙÃ. Ç˛1.2.

⌘ÏewS°óMnxå®œpÑ�nö¶:

hxi =

Z
x
↵p
⇡
e
�↵

2
x
2

dx = 0 (1.34)

hx2i =

Z
x
2 ↵p

⇡
e
�↵

2
x
2

dx =
1

2↵2
(1.35)

�x = (hx2i � hxi2)1/2 =

r
1

2↵2
(1.36)

hpi =

Z
p

1p
⇡~↵e

� p
2

↵2~2 dp = 0 (1.37)

hp2i =

Z
p
2 1p

⇡~↵e
� p

2

↵2~2 dp =
~2↵2

2
(1.38)

�p = (hp2i � hpi2)1/2 =
p

~2↵2/2 (1.39)

é/�

�p�x = ~/2 (1.40)

&�wÓ!�nös˚. (ŸÃ œPõf`Ô(’, �nö¶(�h: .

Â⌦°ó(0Ô⌃l✏
1p
⇡

Z 1

�1
x
2 exp(�x

2)dx =
1

2
. (1.41)

⇢8c�⌃⇤�⇧ÿØ⌃⇤ÔÂô:

⇢(x) =
1p
2⇡�

exp(
�x

2

2�2
) (1.42)

·≥R�� Z 1

�1
⇢(x)dx = 1, (1.43)

vw '( Z 1

�1
x
2
⇢(x)dx = �

2
. (1.44)

�/⌃⇤ÑΩ¶, xÑ⌥∆Ó��2/πÓ.


