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3.8 fififiÌÌÌ111���PPP⌥⌥⌥���®®®œœœhhhaaa

MbÑœPõfb✏⌃∫Âªc1b✏Ÿ˙, sGæ,Å</ªcÑ⇥ûE⌦õfœÑ,Å<_ÔÂ/fiÌ

Ñûp�:fififiÌÌÌ111⇥ŸÃ⌘Ï”�P⌥haå®œhaŸ˙fiÌ1↵ÑœPõfb✏⇥

⇤QMnó&x̂. v,Åπ↵:

x̂|x0i = x
0|x0i (3.170)

x
0/,Å<�:fiÌûp⇥|x0i/^éŸ*,Å<Ñ,Å‚⇥
fiÌ1,Å‚·≥Ñc§R�':

hx0|x00i = �(x0 � x
00) (3.171)

ŸÃdirac˝p÷„Üdelta ˝p⇥

Í6�Â|x0i:˙‚Ñha/P⌥��Mn ha⇥v�‡:x
0Ñ÷<Œ�‡w0c‡wfiÌÿ

b�HilbertzÙ/‡wÙÑ�

Ÿƒ˙‚·≥å⌥'s˚ Z 1

�1
|x0ihx0|dx0 = 1 (3.172)

 Üå⌥'s˚, ˚✏�‚|↵i˝ÔÂU�⇣˙‚Ñ‡†(S6�(⌘Ïs√íPÑzÙ–®Ñˆ⇡ 

|↵i =
Z

dx0|x0ihx0|↵i =
Z

dx0
 ↵(x

0)|x0i (3.173)

ŸÃ⌘ÏöIÜ

 ↵(x
0) ⌘ hx0|↵i (3.174)

1/⌘ÏüâÑ‚‚‚˝̋̋ppp⇥,(⌦�É/⌫‚ÑC �F1éx
0fiÌ�⌘Ïv�ŸHô⇥

9nKœü⌃�KœMnîÂó0xÑ,Å<x
0. Gæ⌘Ïæn�*¢K„Ñ‡w✏Ñ¢Kh⇢íP

e0Mnx
0ˆ�É⇢—˙‘ÙT’. K�íPÑ�ÿ⇣’|x0i’. Ÿ{<éÍÀ∂�(íP⇢«SG≈n�ÿ

⇣|Sz,+i�⇧|Sz,�i.
F/∞û-��}Ñ¢Kh_ *„Ñ(�⇧⌃®á)�, ⇢(íP=e�ö⇤Ù(x0 ��/2, x0 +�/2)ˆ�

—˙’ÙT‘. £HKœK�Ñ∂�/�7Ñb�É’L)‘:

|↵i measurement�!
Z

x
0+�/2

x0��/2
dx00|x00i ↵(x

00) (3.175)

Gæ(�Ÿ*:¯↵ ↵(x)˙,�ÿ�£H,¡ÙTÑ‡á1/| ↵(x0)|2�, ⇢8ô:| ↵(x0)|2dx0. Ÿc/

⌘Ï�ÈŸ˙Ñ‚˝pÑ‡á„ , | ↵(x0)|2/˘îÑ‡á∆¶.

⌘ÏÅB|↵iR��sh↵|↵i = 1, ⇡

Z
dx0h↵|x0ihx0|↵i =

Z
dx0

 
⇤
↵
(x0) ↵(x

0) = 1 (3.176)

1/⌘ÏüâÑ‚˝pÑR��⇥

⌘ÏÔÂäÂ⌦®∫®�0 ÙzÙ. ˙‚:|x0i, /å⌥Ñ⇥

|↵i =
Z

d
3
x
0|x0ihx0|↵i (3.177)

v-

|x0i ⌘ |x0
, y

0
, z

0i (3.178)

/õfœx, y, zÑq�,Å��q�,Å�Ÿ*Çı⌘ÏÂ�⇢Ê∆®∫), ·≥

x|x0i = x
0|x0i, y|y0i = y

0|y0i, z|z0i = z
0|z0i (3.179)
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®œÑ≈µ{<⇥∞vó&:p̂. v,Åπ↵:

p̂|p0i = p
0|p0i (3.180)

p
0/,Å<�:fiÌûp⇥|p0i/^éŸ*,Å<Ñ,Å‚⇥c§R�'

hp0|p00i = �(p0 � p
00) (3.181)

�7·≥å⌥'s˚ Z
|p0ihp0|dp0 = 1 (3.182)

Â|p0i:˙‚Ñha1/®œha⇥
‡d˚✏�‚|↵i˝ÔÂU�

|↵i =
Z

dp0|p0ihp0|↵i =
Z

dp0'↵(p
0)|p0i (3.183)

'↵(p0) ⌘ hp0|↵i1/⌘ÏüâÑ®œha‚˝p⇥
9nKœü⌃�KœMnó0p

0 2 (p0 � dp0/2, p0 + dp0/2)Ñ‡á/|'↵(p0)|2dp0.
˘�*R���‚œh↵|↵i = 1, ⇡

Z
dp0h↵|p0ihp0|↵i =

Z
dp0'⇤

↵
(p0)'↵(p

0) = 1 (3.184)

1/®œ‚˝pÑR��⇥



64 CHAPTER 3. œPõfü⌃

3.8.1 PPP⌥⌥⌥hhhaaa↵↵↵óóó&&&ÑÑÑhhh:::

∞(ÑÓò/x̂, p̂Ñ‘È5’�Hô�

 MbÑöI�⌘Ï<NîÂô˙È5C

hx1|x̂|x2i = hx1|x2|x2i = x2�(x1 � x2) (3.185)

FûE⌦Ÿ�πø�à(Ÿ⇥

⌘Ï⇤Qx̂\(0˚✏�‚|↵ió0Ê�*�‚|�i:

x̂|↵i = |�i (3.186)

↵‚˝p⇢

hx|x̂|↵i = hx|�i =  �(x) (3.187)

1é

hx|x̂|↵i =
Z

dx0hx|x̂|x0ihx0|↵i =
Z

dx0
x
0
 ↵(x

0)hx|x0i = x ↵(x) (3.188)

Hú1/

x ↵(x) =  �(x) (3.189)

x̂ä|↵il®:|�i, ˘îéxä‚˝p ↵(x)ÿ⇣Ü �(x). ÔÂ↵0x/x̂Ñ’ H‘ó&�_1/⇢8✏I⌦ÑP

⌥ó&⇥

£H®œó&p̂Ñhæ✏, �⇧ÙÉÑ” H”ó&/¿Hb�

⌘ÏÔÂ�§˘◆s˚[x̂, p̂] = i~ (\:l⌃), )((3.189)Ù•ó˙

p̂ (x) = �i~ @

@x
 (x) (3.190)

ó0⇢8✏I⌦Ñ®œó&p̂ = �i~ @

@x
.

«↵⇢⇤Q˚✏∂�|↵i
[x̂, p̂]|↵i = i~|↵i (3.191)

hx|(x̂p̂� p̂x̂)|↵i = i~hx|↵i = i~ ↵(x)

xhx|p̂|↵i � hx|p̂x̂|↵i = i~ ↵(x) (3.192)

Gæp̂|↵i = |�i. ⌘Ï˚~�*” H“ó& ˆ̂p, ·≥hx|p̂|↵i = ˆ̂phx|↵i = ˆ̂p ↵(x) =  �(x). £H

hx|p̂x̂|↵i = ˆ̂phx|x̂|↵i = ˆ̂p(x ↵(x)) = (ˆ̂px) ↵(x) + x ˆ̂p ↵(x)

„e�3.192 ,  

x ˆ̂p ↵(x)� (ˆ̂px) ↵(x)� x ˆ̂p ↵(x) = i~ ↵(x) (3.193)

ŸÅB
ˆ̂px = i~ (3.194)

·≥Ÿ�s˚ÑÆ⌃ó&1/ ˆ̂p = �i~ @

@x
. ˆ̂p⇢8_ô\p̂, F/Ë✏É/\((�‚œ˘îÑ‚˝p⌦Ñ.

Ê��*¸˙®œó&hæ✏Ñπ✏/)(

hx|p0i = 1p
2⇡~

eip
0
x/~ (3.195)

s®œ,Å�Ñ‚˝p/sb‚b✏, _1/∑⇤W✏s˚.
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Ÿ*˝pÔÂ›¡®œ˙‚ÑfiÌ1R��

hp|p0i =
Z

dxhp|xihx|p0i =
Z

dx
1

2⇡~e
i(p0�p)x/~ = �(p� p

0) (3.196)

Ÿ_/:¿H˘�ÔR��Ñsb‚Å ÷Ÿ7Ñ˚pÑü‡⇥

çGæ®œó&p̂\(0|↵ió0|�i�s

p̂|↵i = |�i (3.197)

p̂|↵i =
Z

p̂|x0ihx0|↵idx0 =

Z
dx0|x0ihx0|�i (3.198)

Âhx|fl⌦✏\ÖÔ

hx|p̂|↵i =
Z

hx|p̂|x0ihx0|↵idx0 =  �(x) (3.199)

∞(Ñs./‘È5C’ hx|p̂|x0i =?

hx|p̂|x0i =
Z

dp1dp2hx|p1ihp1|p̂|p2ihp2|x0i =
Z
hx|p1ihp1|x0ip1dp1 (3.200)

)((3.195), ¸˙

hx|p̂|x0i = �i~ @

@x

Z
dp1hx|p1ihp1|x0i = �i~ @

@x
�(x� x

0) (3.201)

&fi(3.199),

hx|p̂|↵i = �i~ @

@x

Z
�(x� x

0) ↵(x
0)dx0 = �i~ @

@x
 ↵(x) =  �(x) (3.202)

9np̂ÑHú⇢ä ↵(x)ÿ⇣ �(x), ⌘ÏÂSp̂Ñh:1/�i~ @

@x
.

˚✏�*ó&F (x, p), ÇúF |↵i = |�i, s

hx|F |↵i = hx|�i =  �(x), (3.203)

˝ÔÂ~0 ↵(x)å �(x)ÑÇ↵s˚

F̂ ↵(x) = F (x,�i~ @

@x
) ↵(x) =  �(x) (3.204)

svó&(P⌥ha↵Ñ‘ Hó&’:F̂ = F (x,�i~ @

@x
).

3.8.2 PPP⌥⌥⌥hhhaaa↵↵↵ÑÑÑSchrödinger πππ↵↵↵

↵b⌘Ï9n�,ÑSchrödinger π↵

i~ @
@t

|↵i = H|↵i (3.205)

®¸˙P⌥ha↵Ñ‚˝pÑõö⇥π↵.

\ÖÔ

i~ @
@t

hx|↵i = hx|H|↵i (3.206)

�e” H”ó&Ĥ, ·≥hx|H|↵i = Ĥ ↵(x, t), v-Ĥ = H(x,�i~ @

@x
).

‡d

i~ @
@t
 ↵(x, t) = H(x,�i~ @

@x
) ↵(x, t) = (

�~2@2
2m@x2

+ V (x)) ↵(x, t) (3.207)
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3.8.3 ®®®œœœhhhaaa

Í6�(®œha↵Gæ

p̂|↵i = |�i (3.208)

ÔÂó0

hp|p̂|↵i = p'↵(p) = '�(p) (3.209)

s Hó&p̂ = p. 1

hp|x̂|↵i = hp|�i (3.210)

9nhp|Ñsb‚b✏�π◆—∞

hp|x̂|↵i = i~ @
@p
'↵(p) = '�(p) (3.211)

s Hó&x̂ = i~ @

@p
.

3.8.4 PPP⌥⌥⌥hhhaaaååå®®®œœœhhhaaaÑÑÑÿÿÿbbb

Œ®œ‚˝p°óP⌥‚˝p⇢

 ↵(x) = hx|↵i =
Z

dphx|pihp|↵i =
Z
'↵(p)

eipx/~p
2⇡~

dp (3.212)

hx|piw0Œ®œ0P⌥haÑÿbÈ5SxpÑ\(. Ÿ1/⌘ÏüâÑÿÀˆÿb.

ŒP⌥‚˝p°ó®œ‚˝p⇢

'↵(p) = hp|↵i =
Z

dxhp|xihx|↵i =
Z
 ↵(x)

e�ipx/~
p
2⇡~

dx (3.213)

hp|xiw0Œ®œ0P⌥haÑÿbÑ⌃ÿbÈ5S
†
px
Ñ\(. Ÿ1/⌘ÏüâÑÿÀˆÿbÑ⌃ÿb.

3.8.5 ÖÖÖÔÔÔ

π◆¡�ÖÔÔÂ⇢«‚˝pÑÔ⌃ó0

h↵|�i =
Z

dxh↵|xihx|�i =
Z
 
⇤
↵
(x) �(x)dx ⌘ ( ↵, �) (3.214)

( ↵, �)/ÖÔÑÊ�Õ∞’.

€�e

h↵|Q|�i =
Z

dxh↵|xihx|Q|�i =
Z

dx ⇤
↵
(x)Q(x, p̂ = i~ @

@x
) �(x) ⌘ ( ↵, Q̂ �) (3.215)

⌘ÏÿÔÂó0ó&Ñ∆'ÑÊ�Õhæ.

Ñ∆ó&·≥

h↵|Q|�i = h�|Q|↵i⇤ (3.216)

h↵|Q|�i =

Z
h↵|Q|xihx|�idx =

Z
hx|Q|↵i⇤ �(x)dx =

Z
(Q̂ ↵(x))

⇤
 �(x)dx

= (Q̂ ↵, �) (3.217)

@Â

( ↵, Q̂ �) = (Q̂ ↵, �) (3.218)


