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3.11 hhhSSS“““®®®œœœ

3.11.1 ˘̆̆◆◆◆sss˚̊̊

hS“®œÑöI/

L = r⇥ p (3.262)

⇤Q˚✏∂�|↵i, v‚˝på´L\(��Ñ‚˝pÑs˚:

hr|L|↵i = L̂hr|↵i (3.263)

v-L̂:

L̂ = r̂⇥ p̂ = �i~r̂⇥r (3.264)

(Ù“P⌥˚↵, L̂x = yp̂z � zp̂y

)(˙,˘◆✏

[x̂, p̂x] = i~ (3.265)

π◆¡�Â↵˘◆s˚:

[L̂x, x̂] = 0, [L̂x, p̂x] = 0 (3.266)

 vnll✏.

[L̂x, y] = i~z, [L̂x, p̂y] = i~p̂z (3.267)

 vnll✏.

¡�-8(Ñl✏

[A+B,C] = [A,C] + [B,C] (3.268)

[AB,C] = A[B,C] + [A,C]B (3.269)

[A,BC] = [A,B]C +B[A,C] (3.270)

[A, [B,C]] + [B, [C,A]] + [C, [A,B]] = 0 (3.271)

��Ñ✏P⇣:Jacobi identity.

↵b¡�$*ÕÅÑ˘◆s˚.

1. [L̂x, L̂y] = i~L̂z.  vnll✏.

¡�: Œe

2. [L̂2
, L̂z] = 0  vnll✏.

¡�: Œe

3.11.2 L̂2, L̂zÑÑÑqqq���,,,ÅÅÅ���

“®œ/(-√õÓòÃ8G0Ñõfœ, Ÿ/‡:É/àRœ⇥(-√õ:≈µ↵, «(⇤P⌥/πøÑ.

r = er
@

@r
+ e✓

@

r@✓
+ e�

@

r sin ✓@�
(3.272)
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)(Eq.(3.264), ÔÂ¸˙

L
2 = �~2( 1

sin ✓

@

@✓
sin ✓

@

@✓
+

1

sin2 ✓

@
2

@'2
)

Lz = ee · L = �i~ @

@'

(3.273)

(Â⌦l✏Ñ�*à}Ñ®¸�(±/�⌦œPõf↵DU 

1éL
2
, Lz˘◆�⌘ÏÔÂ˚~÷ÏÑq�,Å���⇧ÙP⌥ha↵÷ÏÑq�,Å˝p ⇥æÂq

�,Å˝p:Y (✓,'):

L̂
2
Y (✓,') = �1~2Y (✓,') (3.274)

L̂zY (✓,') = �2~Y (✓,') (3.275)

�1~2å�2~⌃+/L
2åLzÑ,Å<.

⌃ªÿœ: Y = ⇥(✓)�('). „e⌦✏(3.275)

L̂z�(') = �2~�(') (3.276)

v„:

�(') = Ce
i�2'. (3.277)

9n‚˝pÑU<'�ó0@◆Í6πLaˆ: �('+ 2⇡) = �('). Ÿ1ÅB

�2 = 0,±1,±2, · · · . (3.278)

R��ÅBC = 1p
2⇡

. ⇢8ô⇣

�m(') =
1p
2⇡

e
im'

, m = 0,±1,±2, · · · . (3.279)

äd✏(0⌃ªÿœ„�v„e(3.274), L̂2Ñ,Åπ↵ÔÂ�⇣

1

sin ✓

d

d✓
sin ✓

d

d✓
⇥+ (�1 �

m
2

sin2 ✓
)⇥ = 0 (3.280)

öI⇠ = cos ✓, �⇣fi&Legendre π↵

d

d⇠
((1� ⇠

2)
d

d⇠
⇥) + (�1 �

m
2

1� ⇠2
)⇥ = 0. (3.281)

i⌃„:fi&Legendre˝p

⇥ = P
m

l
(cos ✓),v-|m|  l. (3.282)

˘îÑ,Å<:

�1 = l(l + 1), l = 0, 1, 2, · · · , (3.283)

¸�we, q�,Å˝pô:⇤⇣˝p

Yl,m(✓,') = Nl,mP
m

l
(cos ✓)eim' (3.284)

˚pNl,m›¡˝pÑc§R�':

(Yl,m, Yl0,m0) =

Z
sin ✓d✓d'Y ⇤

l,m
Yl0,m0 = �l,l0�m,m0 . (3.285)

Ô⌃˘ÀS“��⇧@ π⌘ .
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Yl,m(✓,')/HilbertzÙ‚œ|lmi˘îÑ‚˝p:

Yl,m(✓,') = hn|l,mi (3.286)

v-n/⇤P⌥˚-(✓,')≥öÑπ⌘‚œ. |ni/nÑ,Å‚. ‡dc§R�s˚_ÔÂô⇣

hlm|l0m0i = �l,l0�m,m0 (3.287)

˚✏Â(✓,'):ÍÿœÑ˝p˝ÔÂ(YlmU��_1/Ùvå⌥

X

l

m=lX

m=�l

|lmihlm| = 1 (3.288)

Äv®∫: l:hS“®œœPp, m:¡œPp(�bÖπ). Ÿöl, m 2l+1ÕÔ˝÷<. �⇧ÙÄv¶

:2l + 1.

‡*y+ÕÅÑ⇤⇣˝p⇢Y00 = 1p
4⇡

, Y10 =
q

3
4⇡ cos ✓, Y1±1 = ⌥

q
3
8⇡ sin ✓e±i'

.

• ãP: ⇤Q�*´P6(JÑ:aÑ⇤b⌦–®Ñ(œ:µÑíP.

˚flÑHamiltonian:

H =
L
2

2µa2
. (3.289)

˝œ,Åπ↵:

Ĥ (✓,') = E (✓,'). (3.290)

Gæ˝œ,Å<El = l(l + 1)~2/2µa2. π◆↵˙π↵Ñ„�s,Å˝pÔÂ/

 (✓,') =
lX

m=�l

CmYl,m (3.291)

v-Cm/˚✏8p;

(Ÿ*Óò-⌘Ï↵0�˝œ,Å˝p�˝åh1˝œ,Å<nö. Ÿ/‡:,Å˝p Äv.

⌘Ï�ÅÊ��*õfœLz�HÑ⇣õfœåh∆.

Çú⌘ÏÂS˝œ:El, vlz:m~, s

Ĥ (✓,') = El (✓,').

L̂z (✓,') = m~ (✓,').
(3.292)

1ÔÂåhnö‚˝p (✓,'):Ylm, såh(õfœÑ,Å<enö,Å˝p�,Å�.

Gæ˚flÑ∂�/

|↵i = 1p
2
|00i+ 1p

3
|10i+ 1p

6
|11i (3.293)

⌘ÏHKœH, ó00 Ñ‡á:1/2, ˚fl⇢L)0,Å�|00i. •@KLz, ó0Lz = 0, v‡á/1.

ÇúKœHó0 ~2

µa2 , £H˚fl⇢L)0¿H∂��îÂ/v,Å˝p
1p
3
|10i+ 1p

6
|11i.

`Ô˝⇢Ó: `Mb�/ÙE1 = ~2/µa2�˝nö˝œ,Å˝p⌫, �H∞(»Ÿ⌘nöÜ�*,Å˝p?

�}✏��Ÿ$*‘nö’�/�*✏�.

‘,Å˝p Ävˆ, ˝œ,Å˝p�˝åh1˝œ,Å<nö’ Ãb�‘nö’/⌥,Å��˝Ù•ô

⇣|Ei, ‡:ŸHô/° ✏IÑ⇥
‘ÇúKœHó0 ~2

µa2 , £H˚fl⇢L)0nöÑ�
1p
3
|10i + 1p

6
|11i’. “nö”/1é⌘ÏŸöÜ|↵i. ç

⌃|↵iU�⇣H,Å�‡†Ñˆ⇡�Ÿ*‡†π✏//�nöÑ.
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⌃vR���ó0
p
2( 1p

3
|10i+ 1p

6
|11i). |↵iÔ9ô:

|↵i = 1p
2
|00i+ 1p

2
(

p
2p
3
|10i+

p
2p
6
|11i) (3.294)

_1/Ù˙∞Ÿ*K<Ñ‡á/1/2. dˆçKœLz�ÔÂó00�⇧~, ‡á⌃+:2/3 å1/3, ⌃+ïq

0|10iå|11i. Ë✏�KœŸõ�Ñ˝œ⌘ÏÕ6ó0 ~2

µa2 . Ÿ/1é[H,Lz] = 0.

�,0�9nœPõfÑKœü⌃�Kœó0,Å<�˚flÑ∂�L)0˘îÑ,Å�. Çú,Å�Ä

v�˚flL)0¿H∂��

Gæ˚flÑ∂�/

|↵i = c00|00i+ c10|10i+ c11|11i (3.295)

ÇúKœAó0a0 (‡á:|c00|2, c00 = h00|↵i), ˚fl⇢L)0AÑ,Å�|00i.
ÇúKœAó0a1, £H˚fl⇢L)0AÑ,Å�|�i = (c10|10i+ c11|11i)/N , v-⌘Ï�eR��‡P

1/N =
1p

|c10|2 + |c11|2
(3.296)

›¡h�|�i = 1. ⌘ÏÔÂ9ôEq.(3.295)

|↵i = c� |�i+ c00|00i (3.297)

°ó˙c� = h�|↵i = N . ÉÑ!π|c10|2 + |c11|21/Kóa1Ñ‡á.

ÇúKœAó0a1, •@KœB, ó0b0, ⇡˚fl|�i ≈•@L)0BÑ,Å�: |10i. Ÿ*�//�nöÑ,

—�‡á:|h10|�i|2 = |c10|2/N2.

;S��KóA:a1vKB:b0Ñ‡á:|c10|2. �7�KóA:a1vKB:b1Ñ‡á:|c11|2.
ûE⌦�KAóa1Ñ‡á|c10|2 + |c11|2/KAóa1vKBób0�ób1Ñ‡áKå.


