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3.12 ¯̄̄πππ������¯̄̄πππõõõfffœœœ���KKK���∆∆∆sss˚̊̊

⌘ÏÂSÇú$*õfœA,BÑó&˘◆, £HÉÏ �˚⌫q�,Å�. ˚flÇú⌅éŸ7Ñ∂�, ⌘ÏÔ

Â�ˆ∆nÂSA,BÑK<. ‘Ç|a, bi/A,BÑq�,Å�⇥

A|a, bi = a|a, bi; B|a, bi = b|a, bi (3.298)

£HKA�⌘Ï~⌃K~ó0a; ˚flÑ�1é/AÑ,Å��Kœ��L)⇥çKB�⌘Ï~⌃K~ó0b.

†✓zè�≈µ_�7⇥‘Ç(Ylm�↵KœL
2
, Lz.

ŸÕ≈µAåB/¯πÑ(compatible).

F/, ÇúA,BÑó&�˘◆. ⌘ÏÉÏ/�¯πÑ(incompatible). ≈µ⇢�H7? ñH�⇢X(�ƒ

å⌥ÑAåBÑq�,Å��&⇡[A,B] = 0. F/�ídv6 q�,Å�, ‘ÇY001/Lx, Ly, LzÑq�

,Å��}6ÉÏ|d�˘◆.

Figure 3.5: zè ÈKœ(Sequential selective measurements)

KM⌘Ïv«Stern-GerlachûåÑ�¯πi⌃œÑKœHî. ∞(⌘ÏŸ˙Ù�,Ñ®∫.

⇤QÇ˛Fig.3.5(a) @:Ñzè ÈKœ. ,�*Kœ(A)Œe⌅Ñ∂�- È˙|a0i, v“›âv÷ÑK
œ”ú. 1 ,å*Kœ(B) È˙|b0i�v“›âv÷ÑKœ”ú. ��ÑKœ(C) È˙|c0i, v“›v÷Ñ
”ú. ∞(⌘ÏÓó0|c0iÑ‡á/⇢⌘�(nö|a0iÑ≈µ↵�ó0|b0iÑÇá/|hb0|a0i|2. (nö|b0iÑ≈µ
↵�ó0|c0iÑÇá/|hc0|b0i|2. 9nÇáÑX’ö⌃�$*¯πˆÙ�ˆû∞ÑÇá/

|hc0|b0i|2|hb0|a0i|2 (3.299)

£H�∫-Ù«↵��ÔÑ)�7�1|a0ió0|c0iÑ‡á⇢'b�Ÿ✏s@⌘Ï∞U-ÙÔÑ:b
0ÑÇ

á�6�∞U-ÙÔÑ:↵�*b
0Ñ‡á�Çd↵ª�⌘ÏäŸõ‡áBå�ó0

X

b0

|hc0|b0i|2|hb0|a0i|2 =
X

b0

hc0|b0i|hb0|a0iha0|b0i|hb0|c0i (3.300)

Ÿ/&�Çá⌃∫Ñ.

∞(⌘Ïe˘‘Ê�Õæn,Fig. 3.5(b), Ó1|a0i˙—ó0|c0iÑ‡á⇢'�>6Ÿ*‡á/|hc0|a0i|2. ⌘
ÏÔÂäŸ*Çá9ô�↵�—∞

|hc0|a0i|2 = |
X

b0

hc0|b0ihb0|a0i|2 =
X

b0

X

b00

hc0|b0i|hb0|a0iha0|b00i|hb00|c0i (3.301)

1:ÄUw¡�⌘ÏGæAÑ,Å<° Äv�BåC_�7. ˘éÄvÑ≈µ�ÍÅä|a0i⌃„:1e⌅∂�nöÑ,Å��|b0i,
|c0i{<.
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⌘Ï↵0Eq.(3.300)åEq.(3.301)/��Ñ��⇧‘M⇧⇢à⇢y!

Ë✏�A ÈKœ�ó0Ña
0iÔ§:/ BÑ,Å�‡†�⇣

|a0i =
X

b0

|b0ihb0|a0i (3.302)

6�ŒCKœ˙eÑ”útùVé˘BÑKœ/&���ÑÑÑ€L! Çú�ÑKœB�£H”ú/Eq.(3.300);ÇúÍ

(4⌘ÃÛaä|a0i⌃„⇣|b0iÑ‡†�£��Ñ”ú/Eq.(3.301). bÂ›Ù�Çú`�Ñ∞UíPœ«b
0Ô

ÑÑ‡á�s���˘Ÿ*‡áBå�_⇢9ÿ�»Ñ‡á. Ÿ/œPõfÑæ”@(⇥

(¿H≈µ↵�$Õ≈bÑ”ú�Ù�π◆↵0�K<° ÄvÑaˆ↵�Çú[A,B] = 0, �

⇧[B,C] = 0, $*l✏Ÿ˙Ñ”ú/�ÙÑ⇥

⌦bÑûåÙ�Ñ/�¯πi⌃œÑy'.

ÇúA,B�¯π, ˝&�ˆK∆? ”∫/���,,,���˝̋̋���ˆ̂̂KKK∆∆∆. ÉÏÑ�nö¶·≥Ç↵s˚:

�A ·�B � 1

2
|h[Â, B̂]i| (3.303)

v-�nö¶:�A = h(A� hAi)2i1/2, /(íPÑ–®∂�(‚˝p)↵°óÑ.

¡�:

æ|↵i/˚✏�*�‚œ. (A+ i⇠B)|↵i/�*Û‚��v˘vÑÊ‚:h↵|(A+ i⇠B)† = h↵|(A� i⇠B). Ÿ

Ã)(ÜA,B/Ñ∆ó&. 1é�*Û‚�˘vÊ‚ÑÖÔ^��@ÂÔÂöI

f(⇠) = h↵|(A� i⇠B) · (A+ i⇠B)|↵i � 0 (3.304)

vû1/

f(⇠) = h↵|(A2 + i⇠(AB �BA) +B
2
⇠
2)|↵i

= hA2i+ (ih[A,B]i)⇠ + hB2i⇠2
(3.305)

ÔÂ↵0h[A,B]i≈:ØZp, &⇡ih[A,B]i �/ûp, f(⇠)_1�/ûpÜ. (Ÿ/1éi[A,B] /Ñ∆ó&.

¬¡KM\⇢ò.)

9na⇠
2 + b⇠ + c � 0⇣ÀÑaˆ: 4ac � b

2, ⌘Ï 

4hA2ihB2i � (ih[A,B]i)2 (3.306)

ÇúŒ��À1ÂA� hAi„ˇA, B � hBi„ˇB, ⌘Ï 

4h(A� hAi)2ih(B � hBi)2i � (ih[Â� hAi, B̂ � hBi]i)2 (3.307)

_1/

�A ·�B � 1

2
|h[A,B]i| (3.308)

wS0, ‘ÇÂ = x, B̂ = p̂x, ⌦✏1/⌘ÏüâÑ

�x ·�px � 1

2
|h[x, p̂x]i| =

~
2
. (3.309)

�*ÄUÑãP⇢Çú˚fl⌅éYlmÑ,Å�⇥⌘ÏÂS

�Lx = �Ly =
p

(l(l + 1)�m2)~2/2.

vhLzi = m~. 1é|m|  l, >6·≥⌦s˚⇥

⇤QüP-Ñ5P. v;®⇤Ù P, xÑœß:10�10s. v®˝Ñ�*⌃œ'¶hp2
x
/2mi ' 10eV/3. ⇤

Q05P⌅é_⇢�, ⌘ÏÂShpxi = 0, @Â�px ' 2⇥ 103eV/c. (5P(œ:0.5⇥ 106eV/c2) GæMnÑ

�nö¶1/xÑœß, 9n�x�p ' 10�15
eV s ' ~. ·≥K�∆s˚.

¯Õ, Çú5P(è¬:¶⌦–®, ‘Ç(òs'✏Ñ“PÖ–®. Gæ⌘ÏÔÂ(Æs:¶⌦nö÷Ñ

Mn,s�x = 10�6
m, 9nK�∆s˚, ®œÑ�ÿæ¶/7⇥ 10�10

eV s/m. �®˝:1eVÑ5PÑ®œ'✏

:3⇥ 10�5
eV s/m, ÔÂ↵0®œÑ¯˘æ¶à}.
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3.13 õõõfffœœœÑÑÑˆ̂̂ÙÙÙ���, Schrödinger ���Heisenberg ÿÿÿooo

3.13.1 õõõfffœœœÑÑÑˆ̂̂ÙÙÙ���

˚fl∂�èˆÙ�, uŒSchrödinger π↵⇢

i~@|↵(t)i
@t

= H|↵(t)i (3.310)

Çú��/˝œ,Å�|ni�
H|ni = En|ni (3.311)

£H˚flÑ��/‘ö�’⇢

|↵(t)i = exp(�iEnt/~)|ni. (3.312)

˘éö��õfœAÑ��<

hAi = h↵|A|↵i = hn|eiEnt/~Ae�iEnt/~|ni = hn|A|ni (3.313)

�èˆÙÿ�⇥

�,Ñ≈µ, Çú��:

|↵i =
X

n

cn|ni (3.314)

£Htˆ;

|↵(t)i =
X

n

cne
�iEnt/~|ni (3.315)

AÑ��<

hAi = h↵(t)|A|↵(t)i (3.316)

�HèˆÙÿ��
dhAi
dt

= (
@

@t
h↵|)A|↵i+ h↵|A @

@t
|↵i (3.317)

ŸÃ⌘ÏGæAó&,´�èˆÙÿ⇥9nõöπ↵

dhAi
dt

=
1

i~ h[A,H]i. (3.318)

⌘Ï↵0, hAi/&èˆÙÿ�÷≥éA�H/&˘◆. ˘◆1✏s@AÑ��<�èˆÙÿb�/àRœ⇥

ŒÊ�*“¶↵�[A,H] = 0�⇡A�H q�,Å��vÔÂ :˙‚⇥æÂ˙‚:|E, ai.

H|E, ai = E|E, ai, A|E, ai = a|E, ai. (3.319)

˚✏�ÑˆÙ�ÔÂô::

|↵(t)i =
X

E,a

cE,a(t)|E, aii =
X

E,a

cE,a(0)e
�iEt/~|E, ai (3.320)

©⌘ÏÄô(E, a):k.
d

dt
|ck(t)|2 = ċ

⇤
k
ck + c

⇤
k
ċk (3.321)

ck/˝œhaÃÑ⌃œ, @Âċk = E

i~ck, ċ
⇤
k
= �E

i~ck, é/

d

dt
|ck(t)|2 = 0 (3.322)

⌘ÏÂS�|ck|2/KœH:E, �ˆKœA:aÑ‡á, Ÿ1/ÙhAiàR, vA Ñ⌅*Kœ<˙∞Ñ‡á_

àR⇥
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ã⇢íP(JÑ:RÑ⇤b⌦–®⇥H = L
2

2µR2 . õfœåh∆ :(H,Lz), q�,Å˝pYlm.

Gæ��

 (✓,�) =
1p
2
Y10 +

1p
2
Y21 (3.323)

⇡

 (✓,�; t) =
1p
2
Y10e

�iE1t/~ +
1p
2
Y21e

�iE2t/~ (3.324)

v-E1 = 2~2

2µR2 , E2 = 6~2

2µR2 .

1é[H,Lz] = 0, @ÂLz/àRœ⇥

hLzi =
1

2
⇥ 0 +

1

2
⇥ ~ =

1

2
~ (3.325)

v�÷0å~Ñ‡á�ÿ⇥
Çú��/

 (✓,�) =
1p
2
Y10 +

1p
2
Y11 (3.326)

⇡

 (✓,�; t) = (
1p
2
Y10 +

1p
2
Y21)e

�iE1t/~ (3.327)

hLzi = 1
2~, KLzó0, ~Ñ‡áÿ/ 1

2 ,
1
2 . Ë✏⇢

1. LzàR�v�/ÙLzÑKœ</�⇥

2. ⌅àRœ��ö�ˆ nö<⇥�H ˘◆Ñi⌃œKÙ��ö˘◆⇥ãÇ˘éö�⇢ (✓,�; t) =

Y11e�iE1t/~�Lz /�nö�ÿÑK<~. F/hLxi = 0, hL2
x
i = ~2/2, / �nö¶Ñ⇥(wS¡`

ò). π◆ó˙�LxÑK<:�~, 0, ~Ñ‡á⌃+:0.25, 0.5, 0.25. �èˆÙÿ�⇥

3. X(í�˘◆ÑàRœˆ��,˝ßÄv⇥

¡�: æ[H,F ] = [H,G] = 0, F/[F,G] 6= 0.

H|E, fi = E|E, fi; F |E, fi = f |E, fi (3.328)

1é[H,G] = 0,

HG|E, fi = GH|E, fi = EG|E, fi (3.329)

@ÂG|E, fi_/HÑ,Å‚⇥^é,Å<E.

»[G,F ] 6= 0,

FG|E, fi 6= GF |E, fi = fG|E, fi (3.330)

sG|E, fi�/FÑ,Å‚⇥_1/Ù�G|E, fi�|E, fi��, ˝ß/ÄvÑ⇥

Ô˝X(Ñã�/: [G,F ] 6= 0, F/ÇúG|E, fi = 0, £H

FG|E, fi = 0; GF |E, fi = fG|E, fi = 0 (3.331)

dˆG|E, fiÿ/FÑ,Å‚�‡d�˝¡�G|E, fi�|E, fi/��ÑœP�⇥Ÿ/"üP˝ß˙�Ñ
≈µ.


