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3.13.2 Schrödinger åååHeisenberg ÿÿÿooo(picture)

�eˆÙ�ó&U(t, 0)

|↵(t)i = U(t, 0)|↵(0)i (3.332)

£H9nõö⇥π↵

i~ @
@t

U(t, 0)|↵(0)i = HU(t, 0)|↵(0)i (3.333)

1é��˚✏�

i~ @
@t

U(t, 0) = HU(t, 0) (3.334)

Ÿ/*ó&ÑˆÙ�π↵�h�U(t, 0) = e�iHt/~. s

U(t, 0) =
X

n

(
�iHt

~ )n/n! (3.335)

1éH
† = H, @ÂU

†(t, 0) = eiHt/~.

U
†(t, 0)U(t, 0) = U(t, 0)U†(t, 0) = 1 (3.336)

U(t, 0)/zcó&⇥

U(t, 0)|↵(0)i/|↵(t)i, h↵(0)|U†(t, 0) /|↵(t)iÑÊ‚. 1é

h↵(0)|U †(t, 0)|↵(t)i = 1, (3.337)

_ÔÂ⌃„:U
†(t, 0)|↵(t)i⌃|↵(t)iˆI✓Afi|↵(0)i�.

°ó˚✏õfœAÑ��<

hAi = (h↵(0)|U †(t, 0))A(U(t, 0)|↵(0)i) = h↵(0)|U†(t, 0)AU(t, 0)|↵(0)i (3.338)

öI

AH(t) ⌘ U
†(t, 0)AU(t, 0) (3.339)

dddsssHeisenberg picture↵↵↵ÑÑÑAóóó&&&. üüüeeeÑÑÑóóó&&&ÔÔÔÂÂÂ⌃⌃⌃„„„:::AS, sssSchrödinger Picture↵↵↵ÑÑÑóóó&&&.

Heisenberg Picture ƒö⇢�‚�èˆÙ�, �Ù/|↵(0)i, F/õfœèˆÙ�⇥
�d¯Õ�Schrödinger Picture ↵��‚èˆÙ��FõfœÑó&,´��, As(t) = A.

$ÕPicture↵�õfœÑ��</�7Ñ⇥
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†
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†
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†
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(3.340)

1é[H,U ] = 0, @ÂU
†
HU = H, sHH = HS .

dAH

dt
=

1

i~ [AH , H] (3.341)

dsHeisenberg–®π↵⇥Éw0Schrödinger π↵�7Ñ\(⇥

ãP⇢H picture↵˘�Ù⇣/PÑ–®Ñœ⇥

xH = U
†
xU , pH = U

†
pU .

·≥

ẋH =
1

i~ [xH , H] =
1

i~U
†[x,H]U =

p
H

m
(3.342)
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�7

ṗH = �m!
2
xH (3.343)

Â⌦$✏�œxπ↵b✏⌦/�7Ñ�:+/∞(/ó&Ñπ↵⇥

π◆„˙⇢

xH(t) = c1 cos!t+ c2 sin!t (3.344)

pH(t) = �m!c1 sin!t+m!c2 cos!t (3.345)

Ë✏ŸÃc1, c2/�èˆÙÿ�Ñó&⇥

1xH(0) = xS = x, ó0c1 = x; 1pH(0) = pS , óc2 = pS/m! = �i~ @

m!@x
.

ÇúÛ°ó–*ˆ;Ñ®œ�Mn��<��⇧Kœ‡á�⌘ÏÕ6�ÅÂS�Àˆ;ÑœP��

ãÇ�íPÑ��: (0) = 1p
2
 0(x) +

1p
2
 1(x). (Schrödinger Picture ↵�⌘Ïô˙ (t). °óhxi.

 (t) =
1p
2
e�i!t/2

 0(x) +
1p
2
e�i3!t/2

 1(x) (3.346)

)((3.249)å(3.250), π◆ó˙

hxi(t) = 1p
2↵

cos(!t) (3.347)

(Heisenberg Picture ↵�⌘Ïô˙xH(t), 6�°óhxi.
)(�Àaˆc1 = xS , c2 = pS/m!, °ó��↵��<hxsi = 1p

2↵
, hpSi = 0, 9nEq. (3.344), ⌘Ïó0

hxH(t)i = 1p
2↵

cos(!t) (3.348)

”ú˝/�7Ñ⇥

��ç↵,3.6Ç-®∫«ÑÍÀ(G�¡:-Ñ€®Óò⇥9nH = ~!L�x/2�⌘Ïô⇣ÍÀ

ÑHeisenberg –®π↵⇢

dSx

dt
=

1

i~ [Sx, H] = 0,

dSy

dt
=

1

i~ [Sy, H] = �!LSz,

dSz

dt
=

1

i~ [Sz, H] = !LSy

(3.349)

v-ó&˝/(Heisenberg ÿo, ⌘�eÜ↵⌥H. (°ó˘◆✏ˆ,(0

[Sy, H] = U
†(t)[Sy(0), H]U(t) = �U

†(t)!Li~Sz(0)U(t) = �i~!LSz (3.350)

dπ↵fl⌘ÏKM(0Ñœxπ↵(3.134)�Ù�v„:

Sx(t) = Sx(0),

Sy(t) = Sy(0) cos(!Lt)� Sz(0) sin(!Lt),

Sz(t) = Sz(0) cos(!Lt) + Sy(0) sin(!Lt)

(3.351)

9n�Àaˆ|↵(0)i = |+, zi, )(h+, z|Sx(0)|+, zi = h+, z|Sy(0)|+, zi = 0, π◆ó˙

hSx(t)i = 0, (3.352)

hSy(t)i =
~
2
sin(!Lt), (3.353)

hSz(t)i =
~
2
cos(!Lt). (3.354)

�Schrödinger picture↵Â œxi⌃°ó�Ù.
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3.14 GGGMMMóóó&&&’’’

3.14.1 BBB„„„���ÙÙÙ⇣⇣⇣///PPPÓÓÓòòò

KM⌘Ï(P⌥haB„Ü�Ù⇣/PÑö�π↵�Æ⌃π↵ 

H n(x) = En n(x) (3.355)

∞(⌘ÏÀÕ„pπ’⇥

�e

Q = ↵x =

r
m!

~ x,

P =
p

~↵ =
pp
m~!

(3.356)

P�Q·≥

[Q,P ] = i, (3.357)

ŸÃ)(Ü1/↵/yÅ�¶�~↵/yÅ®œ⇥v

H =
~!
2
(P 2 +Q

2) (3.358)

öIa ⌘ 1p
2
(Q+ iP ), a† ⌘ 1p

2
(Q� iP ). Ë✏a 6= a

†, �/Ñ∆Ñ⇥

π◆ó0

[a, a†] = 1, (3.359)

a
†
a =

1

2
(P 2 +Q

2 � 1). (3.360)

é/

H = (a†a+
1

2
)~!. (3.361)

Gæ⌘Ï�ÂSHÑ,Å</(n+ 1
2 )~!, _�ÂSHÑ,Å�/ n = Nne�

↵
2
x
2

2 Hn(↵x). ⌘ÏeB„

H|ni = �n|ni (3.362)

1é[a,H] = [a, a†a]~! = a~!,

Ha|ni = (aH � ~!a)|ni = (�n � ~!)a|ni (3.363)

sa|ni_/HÑ,Å��^é,Å<�n � ~!. �⌃, �n � 2~!,�n � 3~!, · · · ,˝/,Å<, ˘î,Å�

/a
2|ni, a3|ni, · · · .
1é

h |H| i = h |a†a| i+ 1

2
~! � 0 (3.364)

@Â,,,ÅÅÅ<<<���ööö   ***���✏✏✏<<<�0, ˘̆̆îîîÑÑÑ,,,ÅÅÅ���|0i···≥≥≥a|0i = 0.

H|0i = ~!a†a|0i+ 1

2
~!|0i = 1

2
~!|0i. (3.365)

‡d�0 = 1
2~!. @ Ñ˝ß_nöÜ⇢�n = (n+ 1

2 )~!.
)([a†, H] = �a

†~!, ÔÂ®˙a
†|ni/HÑ,Å��,Å<:�n + ~!.

a
†|ni⇢�⇢Iéˆ��⇢�⌘ÏÕ¡K. Gæ˘é–*|ni, a†|ni = 0⇥1é

H = (aa† � 1

2
)~! (3.366)
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@Â

H|ni = ~!aa†|ni � ~!|ni = �1

2
~!|ni (3.367)

›ÃÜ(3.364): ˚✏∂�Ñ˝œ��<'éIéˆ. ‡dn = 0, 1, 2, · · · , ° ⌦P⇥
Ë✏0

a
†
a|ni = n|ni (3.368)

@Âa
†
a/œPpó&⇥

a|ni/˝œ,Å��9nEq.(3.363), a|niI˜é|n� 1i(⇤Q0�Ù_⇢�° Äv.) F/v��ö/

R��Ñ,Å�⇥⌘Ïæ

a|ni = c(n)|n� 1i, (3.369)

£H

hn|a† = c
⇤(n)hn� 1|. (3.370)

�7�a
†|ni = d(n)|n+ 1i, @Âhn|a = d

⇤(n)hn+ 1|. °ó

hn|a†a|ni = |c(n)|2 = n (3.371)

hn|aa†ni = |d(n)|2 = n+ 1 (3.372)

⌘Ïó0

a|ni =
p
n|n� 1i a

†|ni =
p
n+ 1|n+ 1i (3.373)

�⇧

a
†|n� 1i =

p
n|ni (3.374)

⌘ÏÔÂ)(a|0i = 0enö˙�‚˝p⇥9naÑöI�⌘ÏÂS(P⌥ha↵

(
i

~↵
�i~d
dx

+ ↵x) 0(x) = 0 (3.375)

s

(
d

dx
+ ↵

2
x) 0(x) = 0 (3.376)

ó

 0(x) = N0e
�↵

2
x
2

2 (3.377)

R���ÔÂö˙N0.

ç)(a
†|0i = |1i,

 1(x) =
1p
2
(↵x� 1

↵

d

dx
) 0(x) = N1↵xe

�↵
2
x
2

2 (3.378)

nM0�

 n(x) =
1p
n
a
†
 n�1(x) =

1p
2n

(⇠ � d

d⇠
) n�1 (3.379)

v-

⇠ = ↵x (3.380)

ù!{®

 n(x) =

r
N0

2nn!
(⇠ � d

d⇠
)ne�⇠

2
/2 ⌘ NnHn(⇠)e

�⇠
2
/2 (3.381)

↵Mó&aÑ,Å�^8ÕÅ�\¯̄̄rrr���(coherent state):

a|↵i = ↵|↵i. (3.382)
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v-,Å<`Ô⌦ô:↵�1éa�/Ñsó&�@Â↵:�*�p(Ë✏�/MbÑ↵ =
p

m!/~). æ

|↵i =
1X

n=0

Cn(↵)|ni (3.383)

@Â

a|↵i =
X

n

Cn(↵)
p
n|n� 1i = ↵

X

n

Cn(↵)|ni (3.384)

‘ÉBå-|n� 1iy˚p�
Cn(↵) =

↵p
n
Cn�1(↵) =

↵
n

p
n!
C0(↵) (3.385)

⇤QR��

h↵|↵i = |C0|2
X

n

|↵|2

n!
= 1 (3.386)

v-Bå:e|↵|
2

, @Â

C0 = e�|↵|2/2 (3.387)

|↵i = C0(↵)
X

n

↵
n

p
n!
|ni (3.388)

íP⌅é|niÑ‡á

|Cn|2 =
|↵|2n

n!
e�|↵|2 (3.389)

: ~⌃⇤. π◆ó˙h↵|a+a|↵i = |↵|2, a+aÑ⌥∆OÓ:|↵|⇥
Çúˆˆ;íP⌅é|↵i, £Htˆ;1/

|ti = C0e
�i!t/2

X

n

↵
n

p
n!
|nie�i!nt (3.390)

hx(t)i = x0p
2
h(a+ a

+)i =
p
2|↵|x0 cos(!t+ �) (3.391)

(� /�¯�1↵≥ö, x0 =
p

~/m!/⇣/PyÅ�¶). ⌥∆OÓ⇢'�:¿HÙ¯r��•—œx∂��

ÈÈÈ555hhh:::

⌘Ïe°ó˝œha↵⌅ó&ÑÈ5b✏

9nEq(3.373),

an�1,n = hn� 1|a|ni =
p
n (3.392)

a
†
n+1,n = hn+ 1|a†|ni =

p
n+ 1 (3.393)

sÈ5C:an,m =
p
m�n+1,m, a

†
n,m

=
p
m+ 1�n�1,m. Ë✏�n,m = 0, 1, 2, · · · .

)(

Q =
1p
2
(a+ a

†
P =

ip
2
(a† � a) (3.394)

π◆ó0

Qn,m =
1p
2
(
p
m�n+1,m +

p
m+ 1�n�1,m) (3.395)

Pn,m =
ip
2
(
p
m+ 1�n�1,m �

p
m�n+1,m) (3.396)

xn,m, pn,m_1ó0Ü⇥


