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KM⌘Ï(P⌥haB„Ü�Ù⇣/PÑö�π↵�Æ⌃π↵ 

H n(x) = En n(x) (3.355)

∞(⌘ÏÀÕ„pπ’⇥

�e

Q = ↵x =

r
m!

~ x,

P =
p

~↵ =
pp
m~!

(3.356)

P�Q·≥

[Q,P ] = i, (3.357)

ŸÃ)(Ü1/↵/yÅ�¶�~↵/yÅ®œ⇥v

H =
~!
2
(P 2 +Q

2) (3.358)

öIa ⌘ 1p
2
(Q+ iP ), a† ⌘ 1p

2
(Q� iP ). Ë✏a 6= a

†, �/Ñ∆Ñ⇥

π◆ó0

[a, a†] = 1, (3.359)

Â 

a
†
a =

1

2
(P 2 +Q

2 � 1). (3.360)

é/

H = (a†a+
1

2
)~!. (3.361)

Gæ⌘Ï�ÂSHÑ,Å</(n+ 1
2 )~!, _�ÂSHÑ,Å�/ n = Nne�

↵
2
x
2

2 Hn(↵x). ⌘ÏeB„

H|ni = �n|ni (3.362)

ŸÃ�nå|ni˝/*ÂÑ⇥1é
[a,H] = [a, a†a]~! = a~!, (3.363)

⌘Ï 

Ha|ni = (aH � ~!a)|ni = (�n � ~!)a|ni (3.364)

sa|ni_/HÑ,Å��^é,Å<�n � ~!. �⌃, �n � 2~!,�n � 3~!, · · · ,˝/,Å<, ˘î,Å�

/a
2|ni, a3|ni, · · · .
1é

h |H| i = h |a†a| i+ 1

2
~! � 0 (3.365)

@Â,,,ÅÅÅ<<<���ööö   ***���✏✏✏<<<�0, ˘̆̆îîîÑÑÑ,,,ÅÅÅ���|0i···≥≥≥a|0i = 0.

H|0i = ~!a†a|0i+ 1

2
~!|0i = 1

2
~!|0i. (3.366)

‡d�0 = 1
2~!. @ Ñ˝ß_nöÜ⇢�n = (n+ 1

2 )~!. v-n = 0, 1, 2, · · · .
⇢�⇢X(Ê��*,Å<�0

n
, ˘î,Å�|n0i. 1d˙—ó0�˚⌫,Å�a|n0i, a2|n0i, · · · , ˘î�˚

⌫,Å<�0
n
,�

0
n
� ~!, · · · ? Œ�ó0Ê��W,Å1�TH/&öÑ⇥‡:Çú �£HŸ�W,Å<
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_ *�✏<�00, ˘î|00i, ≈{·≥a|00i = 0. ‡dÔÂó˙H|00i = 1
2~!|0

0i. ⇣/PÓò° Äv�@
Â|0i�|00i/�*�⇥@Â‘$W’˝1/�7Ñ.

)([a†, H] = �a
†~!, ÔÂ®˙a

†|ni/HÑ,Å��,Å<:�n + ~!.
⇢�⇢X(�*�'Ñnmax,�óa

†|nmaxiIéˆ��⇢�⌘ÏÕ¡K.Gæ˘é–*|nmaxi, a†|nmaxi =
0⇥1é

H = (aa† � 1

2
)~! (3.367)

@Â

H|nmaxi = ~!aa†|nmaxi � ~!|nmaxi = �1

2
~!|nmaxi (3.368)

›ÃÜ(3.365): ˚✏∂�Ñ˝œ��<'éIéˆ. ‡dn = 0, 1, 2, · · · , ° ⌦P⇥
Ë✏0

a
†
a|ni = n|ni (3.369)

@Âa
†
a/œPpó&⇥

a|ni/˝œ,Å��9nEq.(3.364), a|niI˜é|n� 1i(⇤Q0�Ù_⇢�° Äv.) F/v��ö/

R��Ñ,Å�⇥⌘Ïæ

a|ni = c(n)|n� 1i, (3.370)

£H

hn|a† = c
⇤(n)hn� 1|. (3.371)

�7�a
†|ni = d(n)|n+ 1i, @Âhn|a = d

⇤(n)hn+ 1|. °ó

hn|a†a|ni = |c(n)|2 = n (3.372)

hn|aa†|ni = |d(n)|2 = n+ 1 (3.373)

⌘Ïó0

a|ni =
p
n|n� 1i a

†|ni =
p
n+ 1|n+ 1i (3.374)

�⇧

a
†|n� 1i =

p
n|ni (3.375)

‡d, ˚✏˝œ,Å�|niÔÂ§:/1˙��⇣˙eÑ

|ni = 1p
n!
(a†)n|0i (3.376)

P⌥ha↵Ñ‚˝p^8 (⇥⌘Ï�HB‚˝pb�⌘ÏÔÂ)(a|0i = 0enö˙�‚˝p⇥9

naÑöI�⌘ÏÂS(P⌥ha↵

(
i

~↵ (
�i~d
dx

) + ↵x) 0(x) = 0 (3.377)

s

(
d

dx
+ ↵

2
x) 0(x) = 0 (3.378)

ó

 0(x) = N0e
�↵

2
x
2

2 (3.379)

R���ÔÂö˙N0.

ç)(a
†|0i = |1i,

 1(x) =
1p
2
(↵x� 1

↵

d

dx
) 0(x) = N1↵xe

�↵
2
x
2

2 (3.380)
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nM0�

 n(x) =
1p
n
a
†
 n�1(x) =

1p
2n

(⇠ � d

d⇠
) n�1 (3.381)

ŸÃa
†/\(0‚˝p⌦Ñ Hó&�v-

⇠ = ↵x (3.382)

ù!{®

 n(x) =

r
N0

2nn!
(⇠ � d

d⇠
)ne�⇠

2
/2 ⌘ NnHn(⇠)e

�⇠
2
/2 (3.383)

↵Mó&aÑ,Å�^8ÕÅ�\¯̄̄rrr���(coherent state):

a|↵i = ↵|↵i. (3.384)

v-,Å<`Ô⌦ô:↵�1éa�/Ñsó&�@Â↵:�*�p(Ë✏�/MbÑ↵ =
p

m!/~). æ

|↵i =
1X

n=0

Cn(↵)|ni (3.385)

@Â

a|↵i =
X

n

Cn(↵)
p
n|n� 1i = ↵

X

n

Cn(↵)|ni (3.386)

‘ÉBå-|n� 1iy˚p�

Cn(↵) =
↵p
n
Cn�1(↵) =

↵
n

p
n!
C0(↵) (3.387)

⇤QR��

h↵|↵i = |C0|2
X

n

|↵|2

n!
= 1 (3.388)

v-Bå:e|↵|
2

, @Â

C0 = e�|↵|2/2 (3.389)

|↵i = C0(↵)
X

n

↵
n

p
n!
|ni (3.390)

íP⌅é|niÑ‡á

|Cn|2 =
|↵|2n

n!
e�|↵|2 (3.391)

: ~⌃⇤. π◆ó˙h↵|a†a|↵i = |↵|2, a† + aÑ⌥∆OÓ:|↵|⇥
Çúˆˆ;íP⌅é|↵i, £Htˆ;1/

|ti = C0e
�i!t/2

X

n

↵
n

p
n!
|nie�i!nt (3.392)

hx(t)i = x0p
2
h(a+ a

†)i =
p
2|↵|x0 cos(!t+ �) (3.393)

(� /�¯�1↵≥ö, x0 =
p

~/m!/⇣/PyÅ�¶). ⌥∆OÓ⇢'�:¿HÙ¯r��•—œx∂��

˘é¯r��K�∆s˚/�
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ÈÈÈ555hhh:::

⌘Ïe°ó˝œha↵⌅ó&ÑÈ5b✏

9nEq(3.374),

an�1,n = hn� 1|a|ni =
p
n (3.394)

a
†
n+1,n = hn+ 1|a†|ni =

p
n+ 1 (3.395)

sÈ5C:an,m =
p
m�n+1,m, a

†
n,m

=
p
m+ 1�n�1,m. Ë✏�n,m = 0, 1, 2, · · · .

)(

Q =
1p
2
(a+ a

†
P =

ip
2
(a† � a) (3.396)

π◆ó0

Qn,m =
1p
2
(
p
m�n+1,m +

p
m+ 1�n�1,m) (3.397)

Pn,m =
ip
2
(
p
m+ 1�n�1,m �

p
m�n+1,m) (3.398)

xn,m, pn,m_1ó0Ü⇥
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3.14.2 “““®®®œœœ

(vhS“®œÑˆ⇡�⌘ÏÂSL
2
, Lz˘◆�vq�,Å�:|l,mi.

L
2|l,mi = l(l + 1)~2|l,mi; Lz|l,mi = m~|l,mi (3.399)

(P⌥ha↵�1/

L
2
Ylm = l(l + 1)~2Ylm; LzYlm = m~Ylm (3.400)

⌘ÏÔÂ(„pπ’ó0˚✏“®œJÑ{<”ú�⇧ÏÍÀ“®œ�Â hS“®œåÍÀ“®œÑ

‚œå˘îÑ;“®œ. vs./˚✏“®œ˝·≥“®œ˘◆s˚�

[Jx, Jy] = i~Jz. (3.401)

π◆®¸˙

[J↵, J
2] = 0, ↵ = x, y, z (3.402)

£H1ÔÂGæJz, J
2Ñq�,Å�:|�,mi. ŸÃ˘�åm�\˚UP6�dÜÂSv:ûp�.

J
2|�,mi = �~2|�,mi (3.403)

Jz|�,mi = m~|�,mi (3.404)

(|�,mi↵°óJ
2ó�~2, îÂ'éhJ2

z
i = m

2~2, @Â� � m
2. ⌘ÏöI

J+ = Jx + iJy, J� = Jx � iJy (3.405)

π◆ÂS

[J+, J
2] = 0, [J�, J

2] = 0 (3.406)

�

[Jz, J+] = ~J+, [Jz, J�] = �~J� (3.407)

Ÿ{<é[a,H] = a~!, [a†, H] = �a
†~!. d�ÿ 

J+J� = J
2 � J

2
z
+ ~Jz, J�J+ = J

2 � J
2
z
� ~Jz (3.408)

Ÿ{<éa
†
a+ 1

2 = H/~!. �⇧aa
† � 1

2 = H/~!.
⌘Ï 

J
2
J+|�,mi = J+J

2|�,mi = �~2J+|�,mi (3.409)

(⇤QEq.(3.407)

JzJ+|�,mi = J+(Jz + ~)|�,mi = (m+ 1)~J+|�,mi (3.410)

Ÿh�J+|�,mi/J
2
, JzÑq�,Å��˘î,Å<:�~2å(m+ 1)~. @Â

J+|�,mi = ~a�m|�,m+ 1i (3.411)

a�m/*R��8p⇥{<0�

J�|�,mi = ~b�m|�,m� 1i (3.412)

b�m/8p⇥Õ�⌦bÑ«↵�1é� � m
2, @Â≈6X(�*mÑ⌦Pm, å↵Pm

J+|�,mi = 0, J�|�,mi = 0 (3.413)
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)((3.408)

J�J+|�mi = (J2 � J
2
z
� ~Jz)|�mi = (� �m

2 �m)~2|�,mi (3.414)

‡d

� = m(m+ 1) (3.415)

{<0�

� = �m(�m+ 1) (3.416)

@Âm = �m. ⌘Ï∞j ⌘ m,  

� = j(j + 1), (3.417)

(c�jKÙ�@ Ô˝Ñm:

m = �j,�j + 1, · · · , j � 1, j (3.418)

F/Ë✏j,,,´́́vvv������ööö///tttppp⇥�m�m = 2j≈{/ctp�ˆ�&⇡Œm˙—�‡’†0m = �m. @

ÂÔ˝Ñj:

j = 0,
1

2
, 1,

3

2
, · · · (3.419)

wSjîÂ÷¿H<�Å↵i⌃Óò⇥‘Ç5PÍÀ“®œ�j = 1
2⇥˙,íPÑj˝/�*yöÑ8�9ÿ

Ñ�:ÍÀ⇥⇡ÀPÍÀ:ˆ�5P1/2, IP1, �íP3/2, �õP2; hS“®œj = 0, 1, 2, · · · .
⌘ÏMb®∫«5PÑÍÀ. |+, Szivû1/| 12 ,

1
2 i; |�, Szivû1/| 12 ,�

1
2 i. j = 1

2�˘îS
2Ñ,Å<

: 3
4~ = 1

2 (
1
2 + 1)~. m = ± 1

2 , ˘îSzÑ,Å<:± 1
2~.

∞(⌘Ïenöajm, bjm.

hjm|J�J+|jmi = ~2|ajm|2 (3.420)

)((3.408),

~2|ajm|2 = (j(j + 1)�m
2 �m)~2 (3.421)

@Â

ajm =
p

j(j + 1)�m(m+ 1) =
p

(j +m+ 1)(j �m) (3.422)

{<0

bjm =
p

j(j + 1)�m2 +m =
p
(j �m+ 1)(j +m) (3.423)

s

J+|jmi = ~
p
(j +m+ 1)(j �m)|j,m+ 1i (3.424)

J�|jmi = ~
p

(j �m+ 1)(j +m)|j,m� 1i, (3.425)

ÔÂ↵0J+|j, ji = 0, J�|j,�ji = 0.


