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3.15 Ehrenfestööö⌃⌃⌃

⇤QdÙ˚fl. xi/xÑ�*⌃œ, pi/®œpÑ�*⌃œ. π◆¡�

[xi, F (p)] = i~@F
@pi

, (3.426)

[pi, G(x)] = �i~ @G
@xi

. (3.427)

ŸÃó&˝/(S-pic↵.
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2
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(H)
i

, H] = 0 (3.428)
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=

1

i~ [x
(H)
i

, H] =
p
(S)
i

m
(3.429)

ŸÃ(0Ü3.426Â [pi, H] = 0. B„⌦✏ó

x
(H)
i

= x
(H)
i

(0) +
p
(S)
i

m
t (3.430)

(Â↵ó&Çú&ˆÙÿœh:H-pic.)

}6

[xi(0), xi(0)] = 0 (3.431)

F/

[xi(t), xi(0)] = [p(S)
i

, xi(0)]
t

m
= � i~t

m
(3.432)

)(K�∆s˚�
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~t
2m

(3.433)

i⌃⌦h��‚⇧⇢ic�icÑ�¶Rö⇥

ÇúíP(ø:-–®�H = p2

2m + V (x). {<Ñ�(H-pic↵��Â↵�e⌦⌥H 

dp

dt
=

1

i~ [p, H] = �rV (x) (3.434)
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=

p

m
(3.435)

s

m
d2x

dt2
=

dp
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= �rV (x) (3.436)

Ÿ�[�π↵b✏⌦/�7Ñ⇥F/�/ó&π↵⇥°ó��<

m
d2

dt2
hxi = �hrVi. (3.437)

Ù���<·≥œx[�π↵�sErenfest ö⌃⇥Â⌦l✏_Ô Ù•)(��<ÑˆÙ�l✏(3.318)ó

0⇥

{<Ñ�⌘Ïπ◆ó0
d

dt
hLi = hMi (3.438)
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M = r⇥ (�rV) (3.439)
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3.16 www¸̧̧(Hellmann)ööö⌃⌃⌃åååÙÙÙÃÃÃ(Virial)ööö⌃⌃⌃

3.16.1 www¸̧̧ööö⌃⌃⌃   îîî(((

⇤Q�*˝œ,Å�|ni�·≥
H|ni = En|ni. (3.440)

æ�/H-Ñ�*¬p(ÔÂ/(œ�⇢Û~). ˘vB¸

(
@H

@�
� @En

@�
)|ni+ (H � En)

@|ni
@�

= 0 (3.441)

ŸÃ↵0˘|niÑO¸�'∂�Å L, ÔÂ⌃„:˘⌃œ��‚˝pBO¸.

°óÖÔ
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@�
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)|ni = @En
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� h@H

@�
in (3.442)

I✏ÊπÑHó&⌘Ê\(�ó
@En

@�
= h@H

@�
in (3.443)

Ÿ1/Hellmannö⌃.

ã�. ⇣/P�˘~BO¸�ó0ö�®˝��<.
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=
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~T (3.444)
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@En
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2
)! = En/~ (3.445)

s®˝(˝œ,Å�Ñ��</˝œÑ�J⇥�÷~ = m, !_�7ÔÂ ⇥
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1

2
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2
x
2 � q✏x (3.446)

‰v˝ß:En(✏), à�>En(0) = (n+ 1/2)~!.
°ó˘◆✏[p,H] = m!

2
x� q✏, ö�↵h[p,H]i = 0, ó0hxi = q✏

m!2 .

h@H
@✏

i = @En

@✏
= �qhxi (3.447)
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✏
2
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. (3.448)

i⌃„ ⇢V (x) = 1
2m!

2(x� x0)2 � c. Hú/saπ˚®�ø˝↵M⇥

3.16.2 ÙÙÙÃÃÃööö⌃⌃⌃   îîî(((

œxõfh⇢
d

dt
(r · p) = p

2

m
� r ·rV (3.449)

ÇúíP/_⇢( P⇤ÙÃ�‘Ç(�ÌhS⌦h�–® �r · p/ PÑ�vˆÙ¸pÑ�ˆÙsGI
éˆ�&⇡Ô⌃we—c ⇥£H

p2

m
= r · (�rV ). (3.450)

œPõfh: (H-pic↵–®π↵(3.449)/�7Ñ⇥˘_⇢ö�÷��<, π↵Êπ�ö/ˆ(�⌥i⌃
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˘éø˝˝p/P!Ñ≈µ�dö⌃y+ (.

@◆P!˝p1/·≥↵✏Ñ˝p:

V (�x1,�x2, · · · ) = �
m
V (x1, x2, · · · ) (3.452)

˘�B¸ X

i

xi

@V

@(�xi)
= m�

m�1
V (3.453)

⌦✏˘˚✏�⇣À�⌘Ï÷� = 1,
X

i

xi

@V

@xi

= mV (3.454)

�⇧ô:

r ·rV (r) = mV (r) (3.455)

@Â

hT in =
m

2
hV in (3.456)

ã�. ⇣/P, ø˝1/P!ø�m = 2: (�x)2 = �
2
x
2. @Â

hT in = hV in = En/2 (3.457)
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2
/r. P!�m = �1.

hT in = �1

2
hV i = �En (3.458)
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Chapter 4

---√√√õõõ:::

4.1 ---√√√õõõ:::ÑÑÑ���,,,ƒƒƒããã

⇤QíP( ÙzÙÑ-√õ:V (r)-–®, Ë✏/rÑ˝p��/r. ⌅⌘�'⇥◊õ

F = �rV (r) = �dV

dr
er (4.1)

1éõÈr ⇥ F = 0, @ÂhS“®œ/àRÑ⇥(œPõfÃ_ÂÇd⇥ŸÔÂŒ˘◆s˚[L2
, H] =

[Lz, H] = [Lx, H] = [Ly, H] = 0ó0.

⌘Ï(⇤P⌥˚Ãô˚flÑ»∆�œH. 1é

r2 = r ·r =
1

r

@
2

@r2
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1

r2
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1
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@

@✓
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@

@✓
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1
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@
2

@�2
) (4.2)

(Ë✏�bfl‚˝p�&⇡�˘)

L
2 = �~2( 1
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@

@✓
sin ✓

@

@✓
+

1
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@
2

@�2
) (4.3)

‡d

�~2r2 = �~2
r

@
2

@r2
r +

L
2

r2
(4.4)

$πdÂ2µ, (:�M�œPpm˜∆�⌘Ï(µh:íP(œ)

H = � ~2
2µ

1

r

@
2

@r2
r +

L
2

2µr2
+ V (r) =

p
2
r

2µ
+

L
2

2µr2
+ V (r) (4.5)

,�y/Ñ⌘®˝�,åy/“®˝�ª√‘ø˝’⇥v-Ñ⌘®œpr:

pr = �i~1
r

@

@r
r (4.6)

. π◆↵0, ‡:pr, V (r)˝Í/rÑ˝p��L
2
, Lz-Í⇧+˘“¶ÑÆ⌃�@Â

[L2
, H] = 0, [L, H] = 0 (4.7)

F/Ë✏0[Lx, Ly] 6= 0, @Â⌘Ï H,L
2
, Lz:õfœåh∆(Í�Å *�Í1¶/3). }6Lx, Ly_

åH,L
2˘◆�F/÷Ï�Lzv�˘◆⇥˙∞ŸÕ≈µÙ�˝ß�,⇢ Äv. (¬¡3.13.1) ÷ÏÑq�,Å

˝pÍ6ÔÂô⇣

 E = R(r)Ylm(✓,�) (4.8)
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&e˝œ,Åπ↵

H E = E E (4.9)

¶ª“¶Ë⌃

�1

r

@
2

@r2
(rR) +

l(l + 1)

r2
R+

2µV (r)R

~2 =
2µE

~2 R (4.10)

öIÑ⌘‚˝p� ⌘ rR(r),

�
00 + [

2µ(E � V )

~ � l(l + 1)

r2
]� = 0 (4.11)

öIÑ⌘˝œ

Er = E � l(l + 1)~2
2µr2

, (4.12)

1/;˝œœªª√ø˝(�“®˝), Ñ⌘π↵�:

�
00 +

2µ(Er � V (r))

~2 � = 0 (4.13)

ŸÔÂ↵\/*�Ù–®íPÑö�π↵��«ÅË✏: -√õÓòÑπLaˆyä⇢r ! 0 ‚˝p�˝—

c⇥

Figure 4.1: -√õÓò�,˝ß:✏˛.

�,���V (r) / 1
rx
�2 > x > 0. (Çúx > 2�¬⇤⌫S�⌫⌫�yW⌦œPõf↵). (r ! 0ˆ�Ñ

⌘π↵-ÔÂÍ›Yª√ø˝⇥(E/ö<�ø˝—c�¶b).

�
00 � [

l(l + 1)

r2
]� = 0 (4.14)

æ�(r) / r
s+1, „eEq.(4.14)

(s+ 1)s� l(l + 1) = 0 (4.15)

„:s = l, �⇧,s = �(l + 1), F/�⇧¸Ù‚˝p—c⇥

(r ! 1ˆ�Ñ⌘π↵ÔÂô:(ª√˝åø˝˝ÔÂ˝e)

�
00 +

2µE

~2 � = 0 (4.16)

öI�2 = �2µE/~2,�_⇢�E < V (1) = 0) „:

� / e
�r; (4.17)
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�

� / e
��r (4.18)

eªM⇧�—c ⇥

£H�,≈µ↵Ñ„ÔÂô:

�(r) = r
l+1e��r

u(r) (4.19)

u(r)/Öö˝p��Å⌃⌦„&eÑ⌘π↵Eq.(4.11)nö⇥

ü⇡⌦�9n_⇢�πLaˆ�ÔÂÂS„1–*œPpnrnö�Ë✏0Ñ⌘π↵Eq.(4.11),´:&

“®œœPpl, @ÂûE/1$*œPpnö, s„ÔÂô:�nr,l
. Ÿö“®œl, ˝œEnr,l

1Ñ⌘œP

pnr = 0, 1, . . . ,nö. nrä'�˝œäÿ⇥˘énönr, “®œlä', ˝œäÿ⇥'Ù���nr + l ≥öÜ˝

œÑÿN⇥¬†˛??.

 üPI1`Ô, l = 0, 1, 2, 3,˘îs, p, d, f,hS⇥

œ*˝ßÑÄv¶Û⌘:2l + 1, ‡: ŸH⇢*��Ñm: “®œz⌃œ⇥

F/��b⌘Ï⇢↵0�–õ≈µ↵⇢˙∞∞ÑÄv�‘Ç"üP: nr + l = nÑ˝ß_/ÄvÑ�˝ß

ÔÂ∞:En.


