
Chapter 3

œœœPPPõõõfffüüü⌃⌃⌃

3.1 ÊÊÊ‚‚‚���ÛÛÛ‚‚‚���óóó&&&

‚˝pûEœÑ/íPÑÆ¬∂�.

íPÑœ�*Æ¬∂�˝ÔÂ(ΩaÑ�p‚œzÙ-Ñ‚œeh:, Â‚œ:���‚‚‚(state vector),

É⇧+Ü�*i⌃∂�(state)ÑhË·o. _1/Ù, ⌘Ï˝ÓÑ@ ã≈˝´�‚⇧+Ü. Ÿ�‚œ:Û

‚(ket). ‘Ç, �*⌅é‡PÒø1˙�ÑíPÑ∂�, ⌘ÏÔÂ∞:|↵i. ��p‚œzÙ:HilbertzÙ,

vÙ¶1⌘Ïs√Ñi⌃˚flÑy'≥ö.

$*Û‚ÔÂ¯†:

|↵i+ |�i = |�i. (3.1)

|�i/Ê�*‚œ. †’·≥§bã�

|↵i+ |�i = |�i+ |↵i (3.2)

”�ã⇢

|↵i+ (|�i+ |�i) = (|↵i+ |�i) + |�i. (3.3)

_ÔÂ(�*�pªX�*Û‚, ó0Ê�*‚œc|↵i, v

c|↵i = |↵ic. (3.4)

pX·≥

c(|↵i+ |�i) = c|↵i+ c|�i (3.5)

Â 

(a+ b)|↵i = a|↵i+ b|↵i (3.6)

a(b|↵i) = (ab)|↵i (3.7)

Çúc = 0, ó0Ñ‚œ:zzz‚‚‚(null ket). (i⌃⌦, ⌘Ï¶¶¶ööö|↵i���c|↵i(c 6= 0)hhh:::������***iii⌃⌃⌃���. b

Â›Ù, ‚œzÙÃ“πππ⌘⌘⌘”MMM///ÕÕÕÅÅÅÑÑÑ.

�*õfœ, �¬¬¬KKKœœœ( observable, Ë✏Ÿ/*�Õ), ‘Ç®œ�P⌥�Â�G0ÑÍÀ“®œI,

ÔÂh::‚œzÙÃÑ�*óóó&&&. ‘ÇÙÂ, ÉÔÂŒÊπ\((�*Û‚⌦

Â · |↵i, (3.8)

⇢8Äô:A|↵i, ó0Ê�*‚œ. �,eÙ, Ÿ*‚œ�/�*8pXÂ|↵i. F/X(�õyäÑ‚œ, ·

≥

A|ai = a|ai, (3.9)
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:ó&ÂÑ,Å‚œ(eigenvector, eigenket). a/Øp, \AÑ,Å<(eigenvalue). �,eÙ, ,Å<å,

Å‚�b�*.

(i⌃⌦, �,Å‚˘îÑ∂�:,Å�(eigenstate).  Dirac&˜, MbÑ˝œ,Åπ↵Eq. (1.104)1

/

Ĥ|ni = En|ni. (3.10)

Â�⌘Ï⇢®∫‚˝p n�Û‚|niÑs˚.

(ø'„pÃ⌘Ïf«‚œ|↵iå|�iÑø'ƒ�ÔÂô:a|↵i + b|�i. ÇúÊ�*‚œ|�i�˝ô
:|↵iå|�iÑø'ƒ��⇡|↵i, |�i, |�i ø'‡s. Çú˚✏�*‚œ˝ÔÂh:⇣Ÿƒ|dø'‡s

Ñ‚œÑøbƒ��£H⌘ÏŸƒ‚œ �Ü�*zÙ�Ÿõ‚œ:ÂzÙÑ�ƒ‘˙’ (basis). Ÿõ‚

œÑ*p:zÙÑÙp.

�b⌘Ï⇢∫¡�GæõfœÂ N*,Å‚, £HÉÏ⇢|dø'‡s�‡dÔÂ ��*NÙzÙ.

�*˚✏ÑÛ‚|↵iÔÂh::
|↵i =

X

a

ca|ai, (3.11)

v-ah:N*Û‚, ca/�p. _1/ÙŸN*,Å‚Ñ⇣�ƒ‘˙’⇥Ÿ�h:/&/�Â�ç®∫.

3.1.1 ÊÊÊ‚‚‚(bra)���ÖÖÖÔÔÔ(Inner products)

Mb�∫Ñ/Û‚zÙ(ket space), ∞(�eÊÊÊ‚‚‚zzzÙÙÙ(bra space). ⌘ÏGæœ�*Û‚|↵i ˝˝(Ÿ*z
ÙÃ~0�*ÊÊÊ‚‚‚(bra) åÉ˘î, ∞:h↵|.

|↵i $ h↵| (3.12)

_ÔÂô\

(|↵i)† = h↵|, (h↵|)† = |↵i. (3.13)

ÔÂäÊ‚zÙ⌃„⇣Û‚zÙÑ\œ.

^8ÕÅÑ�*¶ö:

(c|↵i)† ⌘ c
⇤h↵|,

(c|↵i+ b|�i)† = c
⇤h↵|+ b

⇤h�|. (3.14)

∞(⌘ÏeöIÊ‚åÛ‚ÑÖÖÖÔÔÔ(inner product),

h�|↵i = h�| · |↵i. (3.15)

Ÿ�XÔ�,/*���ppp.

⌘ÏGæÖÔÑ9,'( $*,

• ,�
h�|↵i = (h↵|�i)⇤. (3.16)

Ë✏⇢Ÿ�π�⌘ÏüâÑû‚œzÙ$*‚œÑπXa · b/��Ñ. (£Õ≈µ↵,a · b = b · a. 9
n⌦bÑ'(ÔÂÀsó0”∫: h↵|↵i:ûp.

Çú

h↵|�i = 0, (3.17)

⌘Ï|↵iå�iccc§§§(orthogonal).
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• ,å
h↵|↵i � 0. (3.18)

I˜Í(|↵i:z‚ˆ⇣À. Ÿ�π(i⌃⌦àÕÅ, ›¡ÜœPõfÑ‡á„ Ñ⇣À. ⌘ÏÔÂ€�

öI|↵iÑ!
||↵|| =

p
h↵|↵i (3.19)

˘é�*^zÑÛ‚, ⌘ÏÔÂÑ �*R��ÑÛ‚|↵̃i,

|↵̃i =
 

1p
h↵|↵i

!
|↵i, (3.20)

·≥

h↵̃|↵̃i = 1. (3.21)

Ë⇢fiÌ1,Å<˘îÑ,Å‚ÑR���d����b®∫⇥

3.1.2 óóó&&&(Operators)ÑÑÑ'''(((���–––óóó

�*ó&ÔÂŒÊπ\(0�*Û‚⌦X · |↵i, vû_ÔÂŒÛπ\(0�*Ê‚⌦⇢

(h↵|) ·X = h↵|X, (3.22)

ó0Ê��*Ê‚. (Ÿ�⌘ÏMbf`«Ñ®œó&��. ®œó&Í˝⌘Û\(0‚˝p⌦�/⌘ÏŸÃ

@◆ó&(P⌥ha↵Ñyäb✏, ⌘Ï�b⇢®∫).

Çú$*ó&XåY˘˚✏�*Û‚·≥:

X|↵i = Y |↵i, (3.23)

£HX = Y .

ó&ÔÂ¯†, v·≥§bãå”�ã

X + Y = Y +X, X + (Y + Z) = (X + Y ) + Z. (3.24)

õfœÑó&ÿ˝/øøø'''ÑÑÑ, ·≥↵bs˚

X(c|↵i+ b|�i) = cX|↵i+ bX|�i. (3.25)

ó&ÔÂ¯X. �,≈µ↵X’�˝§bzè

XY 6= Y X. (3.26)

‡d ≈ÅöIÉÏÑ˘◆✏:

[X,Y ] ⌘ XY � Y X. (3.27)

F/”�ãÕ6⇣À

X(Y Z) = (XY )Z = XY Z. (3.28)

�,e≤X|↵iåh↵|X�/˘vÑ��qm . ⌘Ï ≈ÅöIX
†�ó

X|↵i $ h↵|X†
. (3.29)

X
†\XÑÑÑÑ∆∆∆qqqmmm(Hermitian adjoint)óóó&&&. �{^8ÕÅÑó&·≥

X = X
†
, (3.30)

´\ÑÑÑ∆∆∆óóó&&&(Hermitian). Ê�1é

XY |↵i = X(Y |↵i) $ (h↵|Y †)X† = h↵|Y †
X

† (3.31)

@Â�

(XY )† = Y
†
X

†
. (3.32)
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3.1.3 ���ÔÔÔ(Outer Product)

�*Ê‚ÿÔÂ��*Û‚€L�Ô. ô:|�ih↵|. ÉûE⌦/�*ó&. �ÖÔåh��.

”���lll⌃⌃⌃���The Associative Axiom): Ê‚, Û‚, ó&Ñ���’’’XXX’’’ÔÂè✏”�.

ŸÃ�’X’/à˘ õ‘^’’X’��Ñ�‘Ç: |↵iÂ, X̂h�|. S↵iå|�i/��*‚œzÙÑ‚œˆ,

|↵i|�i_/^’Ñ.

î(>ã⇢

1. �Ô\((�*Û‚⌦

(|�ih↵|) · |�i = (|�i) · (h↵|�i). (3.33)

ó0�*∞ÑÛ‚. @Â�Ônû/�*ó&. ÇúÖÔh↵|�i 6= 0, ÂÛ‚˘î|�i˘îÑi⌃�.

2. �Ôó&ÑÑ∆qmó&

(|�ih↵| · |�i)† = (|�i(h↵|�i))† = h�|(h↵|�i)⇤ = h�|↵i · h�| = h�| · |↵ih�| (3.34)

Ÿh�|↵ih�|/|�ih↵|ÑÑ∆qmó&.

3. ⇤Q

h�| · (X|↵i) = (h�|X) · |↵i = h�|X|↵i (3.35)

ŸÙ�(⌦✏-° ≈Å:⌃ó&⌘Êÿ/⌘Û\(. 1é

h�|X|↵i = h�| · (X|↵i) = ((h↵|X†) · |�i)⇤ = h↵|X†|�i⇤, (3.36)

‡d�˘Ñ∆ó&X = X
†,  

h�|X|↵i = h↵|X|�i⇤. (3.37)

(Gri�thsfÃöIÜ∞˜|X↵i ⌘ X|↵i, s(X↵e⌥∆Û‚X|↵i, Â hX†
�| ⌘ (X†|�i)† = h�|X, s

(X
†
�e⌥∆X

†|�i˘îÑÊ‚, _1/h�|X, ŸÃ⌘Ï)(Ü(X†)† = X.

‡dEq.(3.35)�(3.36) ÔÂ9ô⇣

h�|X↵i = (X†|�i)† · |↵i = hX†
�|↵i (3.38)

ÔÂ⌃„:⇢Ê‚h�|�Û‚|X↵iÑÖÔIéÊ‚hX†
�|�Û‚|↵iÑÖÔ.

ÇúX/Ñ∆ó&�£H

h�|X↵i = hX�|↵i. (3.39)

⌦✏_´(eöIÑ∆ó&:·≥Eq.(3.39)Ñó&X/Ñ∆Ñ.

Ë✏0hX�| = (X|�i)† = h�|X†, ⌦✏_1/

h�|X|↵i = h�|X†|↵i (3.40)


