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Quantum Monte Carlo simulations
1. Path integral representation
2. SSE QMC method
2(a). Heisenberg model
2(b). Bose-Hubbard (XXZ) model
3. Projector Quantum Monte Carlo methods
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o P HC S B % (partition function)
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JUj 43 4% (Canonical distribution)

Pea(l) = W(T)/Z

WERMSTIEM:  (A) = 3. A(D) D
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Ising model (%541)

WE RS (TLEER RS L, DITYEETT g i)

H:—JZsisj—BZsk; Sk = +1
(4,5) k
FHMARET = (51,82, ,58).
BHEFEM(T) =3, sk
o J > 0, Bkti(ferromagnetic)

o J <0, X¥kHE(antiferromagnetic)
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> WRH TGO AR E BR85S (lattice gas), B4, ETAERE
AR ) 0 55
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3. Projector Quantum Monte Carlo methods
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2. EENEFHFE (Importance sampling)
[Metropolis, Rusenbluth, Rosenbluth, Teller, and Teller, Phys.Rev.1953]
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T(Flv F) = Paccept(rlz F)Pattempt(rl7 F)

® Paptempt (I, I): WAFHA BERIFTOLIE BT ) JLZE
L4 Paccept(r/7r): ?ﬁ%%%ﬁ’fjﬁﬁI‘,EQRg—g
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Metropolis:

P, .17 T/
Paceept(I",T') = min] attempt (L TV) W (T)

.1
Pattempt (F/, F)W(F) ]

Heat bath:

Pattem F,F/ w (T’
Paccept(F/,F): tt pt( YW(I)

Pattempt (F, F’)W(F’) + Pattempt (1“/’ F)W(F)
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DRUEAHEC- 7 8 R A 77 =0
e local update Algorithm (/&I BEHHEI%):
MNA Bkt — B e Zal#ieL:
Patternpt (Flv F) = Pattempt (F, F/) = 1/N, ﬁtﬁq_ift{{ﬁjﬂ

e Metropolis:

LI
Prceept (I, I') = min] W((F)) ,1]
e Heat bath:
, w(r)
Piaccept (T" 7F =
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o BUSLHIEEMEREE, MECFERETTSH, (EFANRLEN

27 k-
H. Suwa, and S. Todo, Phys. Rev. Lett. 105, 120603 (2010)

Markov Chain Monte Carlo Method without Detailed Balance



Metropolis algorithm: Pllsing model /3]
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Metropolis algorithm: Pllsing model /3]
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Metropolis algorithm: Pllsing model /3]
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Metropolis algorithm: Pllsing model /3]

[T
®&>—O0

D—O—

CRPS

1 FERIET = (51,80, 84, -+, sn) FAEE—A
HiE, s,
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> WRAE > 0, #JLRe AB/keTi2T HNE
YT (B EULRT =T).



Metropolis algorithm: Pllsing model /3]
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Metropolis algorithm: Pllsing model /7]
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3. LR S o4, BHIRRSTHRE (finite-size scaling)
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o HEILIRE 75 & (order parameter)
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e Main program
open(1,file="ising.in’,status="old")
read(1,*)L,temp, initsteps, bins, binsteps
close(1)
call initialize(temp)
do i=1,initsteps

call mcstep
enddo
do j=1,bins

call cleandata
do i=1,binsteps
call mcstep
call measure
enddo
call writebindata(n,binsteps)
enddo

FYB R UAModule ik |
Module systemvariables

integer : L | R

integer = N | HJEHIN = L+ L

real(8) :: pflip(-4:4) | F=/EITEL
BE L%

integer, allocatable :: spin(:) !'H
JiEkH . wIi

end module systemvariables




TP LT
e Initialization tasks

subroutine initialize(temp)
use systemvariables
N=LxL

doi= —4,4,2
pflip(i) = exp(—i * 2./temp)
enddo

call init_-random(seed)
allocate(spin(0:N-1))
do i=0,N-1

call random_number(r)

| T B M ER A

4B BIERIRESA

4 1F, 31F1fA, 21E2f7, 11E3fi, 4fA.
S1 4 S0+ 853+ 854=14,2,0,—2,—4
R BiE s, AR A

Ri = s(s1+ 52+ 53+ 54),

AE =2x1

I spins are labeled s =0,..., N —1

spin(i) = 2 % int(2. x ) — 1 Ispin(s) Z&sHPRE=

enddo
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e Performs one Monte Carlo step

subroutine mcstep()

do i=1,n

call random_number(r)

s=int(r*n) | FENLBkIE—> HiEs

x=mod(s,L); y=s/L BT
sl=spin(mod(x+1,L)+y*L) | T &4 PRI, Al B R EH T
s2=spin(mod(x-1+L,L)+y*L)

s3=spin(x+mod(y+1,L)*L)

sd=spin(x+mod(y-1+L,L)*L)

call random_number(r)

if (r<=pflip(spin(s)*(sl+s2+s3+s4))) spin(s)=-spin(s)

| ARIERENLE G- FIERIE LK pflip(i = AE/2)) IR E R TS s — —s
enddo
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e Measures observables (energy, magnetization, and their squares)

subroutine measure

real(8) :: enrgl,enrg2,magnl,magn2
common/measurments/enrgl,enrg2,magnl,magn2
e=0; m=0

do s=0,n-1

x=mod(s,L); y=s/L
e=e-spin(s)*(spin(mod(x+1,L)+y*L))
e=e-spin(s)*(spin(x+mod(y+1,L)*L))

enddo

m=sum(spin)

enrgl=enrgl+dble(e) | RitFEE
enrg2=enrg2+dble(e)**2 | BT HER 77
magnl=magnl4abs(m) | ST t58E
magn2=magn2-+dble(m)**2 | R0 58E 7



= e
TP SEIR
e Writes bin averages to a file

subroutine writebindata(n,steps)

real(8) :: enrgl,enrg2,magnl,magn2
common/measurments/enrgl,enrg2, magnl,magn2 /2 5, 7]
Fmoduleft%

open(1,file='bindata.dat’,position="append")

IV MRS
enrgl=enrgl/(dble(steps)*dble(n)
enrg2=enrg2/(dble(steps)*dble(n)**2)
magnl=magnl/(dble(steps)*dble(n))
magn2=magn2/(dble(steps)*dble(n)**2)
write(1,'(4f18.12)")enrgl,enrg2, magnl,magn2
close(1)

)

e These bin data should be processed (giving final averages and
statistical errors) with a separate program.
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w5 S AR E: Binder ratio

Binder Ratio : Q = % 5#E, Q= <<,;n:>>z

X = 2 ((m?) — m)?) o 77

B RRSTHRE (finite-size scaling, A28 H AL o« t7)

XL T) = o ({m?) — (m)?) o LV

<m2> o I/v—d (jm]) o Y/ (2v)—=d/2

Q Hlm5F A5 RTEx!

Q—1 HT =0, Q- constant HT — oo, HTmBIEETS



w5 S AR E: Binder ratio

Binder Ratio : Q = (m?)
. Pl

(Imf)
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BB 2 AE M IERQ()
HREKRENMEEHFEALZ K BE 52 FEdEmr?

(Q(t+A)Q(1) — (Q(1)*
(QB)?) —(Q))?

Aq(At) =

— R 2
Aqg(At) ~ e A7 7 H KB A]
Integerated autocorrelation time (REMVAIEARE~ n/(27m¢))
Tint = 5 + Yonper Ag(At) = 7
o l[m 51 (critical slowing down)
Tint o< €% — oo, IRITZEIRIRS, BT — T,
o WTATIRART.HERRT RS, QNFZE

Tint ™~ Lz

NN TER, RSEHFE RN 2, TRENEE, g !
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z = 2.2: WT R E I (local algorithm), H T B Z AT STHZER
/Nlocal %) B R AITR K
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Cluster algorithm: Wolff algorithm
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Lz
1 AEEER— B

D—O—




Cluster algorithm: Wolff algorithm
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Cluster algorithm: Wolff algorithm
fE— 0 B — 8, MAZE— P — P HEIN = LYK
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Cluster algorithm: Wolff algorithm
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Cluster algorithm: Wolff algorithm
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Cluster algorithm: Wolff algorithm
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Cluster algorithm: Wolff algorithm
fE— 0 B — 8, MAZE— P — P HEIN = LYK

IR
1 AEEIRB—1 B
2 BlERZ: sl = —s;

0@ 00 3 WiETE BT AR VEUN N R 1E:
g.e,.e.a.{, > WRse = s MUJLEL — ™%, K = J/kpT5¢

i
= i BlHRs, — ) = —sp.

I i Brkin REIMHLTF ( HEM (stack)")
I I > Wsy = 5! LRI

4 MHER A — > H k]
5 RIHATER3A
6 MIHERE H I BRI
7 EHA-6, BRI NS



REfF L
s=rn()*n+1 1! m()2BENLEL, BEVLERE—1 Blgs (L&)
icsp=spin(s) !! icsp J& HIEs/FARIPIRA
spin(s)=-icsp !! #l’%s
nstack=0 !! HEHE HE A AL BIECR 24 B A PR 5
js=s Il HEIEEHERE ((LE)
104 continue
do 107 inb=1,4
ks=nbor(inb,js) !! js FI4MELENE, FRFLFRTFEEEHnbor
if ((spin(ks).eq.icsp).and.(rn().It.bp)) then 1 bp ZJLF1 — ¢ K
nstack=nstack+1 !l ks BUAMERE, AR ZCIT—
istn(nstack)=ks !! ks &%instack ", RAFTEE istn T
spin(ks)=-icsp !l #ll%ks
endif
107 continue ! SEAONs {4 A0 B E
if (nstack.eq.0) goto 110 !l HERZ HAYM MRS, 45 R WolfFAPEE
js=istn(nstack) ! MIHERZHISE— 4R
nstack=nstack-1 ! FFEIERIA AR D —
goto 104 ! HUAbIE 4 Fif i A



VoK RNV
FAVEER ALy = (NI HITE TR Bk

WS BRERILERL — e 2K iiER, — P ERMESENHT -1 #
B + R HAT 5

WA EMAER: Ny — N_ = Z,iwzl nysig, Al
PLIERA:

a
T

|
|
!
!

D—O—O—0D—&




oK/ =
BN TRERL R = (NOD JIE o TR B

WFS BREHILERL — e 2K iiER, — P ERMESENHT -1 #
R + RIS

L fjfig%ﬁw\%: Ny = No =35, msigy 1
L LD

Lo
!

D—O—O—0D—&




oK/ =
BN TRERL R = (NOD JIE o TR B

WFS BREHILERL — e 2K iiER, — P ERMESENHT -1 #
R + RIS

I I I BWEBAIEMAER: Ny — N =M nysigy, A

T LU
1]
L




oK/ =
BN TRERL R = (NOD JIE o TR B

WFS BREHILERL — e 2K iiER, — P ERMESENHT -1 #
R + RIS

I I I BWEBAIEMAER: Ny — N =M nysigy, A

I I I PLIERA:

WolfFEERENLIEE — 1 BlE, EEFEETEARJLEIEEn, /N, BTl
S WolfFEE [A] B R /N T REAL 28 !
B IR WolfFER A 1K/ NE G R B estimator!




FEG S M, FATAEY o t=7 = /Y
WTERRS RS, LR

XO(L’Y/V

2D Ising: v = 7/4,v = 1 BFEAK/NEER
SFLAHL!

—/>Wolff5E A1 EHES AT LAFEAR KRR E k28 fir
!

B )2 FHEEEE R /N |




T AT UL

X P(C, T)HIERMC WEEREMERILE. oA fE(—mETC, A
RET)REE NN = na + np, no@®idi BRERT IEEL n,2E RS HERE
K5 BEHERIECZIMAILE: e 2K, 5 BlELLLE IR

R ORISR AE, B ERMILE

T(I',T) = e *X™ P(C, F)%.
Rz, ENEITHLE
1

T(T, 1) = e 2K p(C,T)
BN LR A
P(C,T) = P(C,T).

E5)1:

T(T',T) = X (ma=m) (T, T).

N

L

CFTRWolfFER], =&
W LE T4



T AT UL

P58 A B R B A BAE R RE,
Pog(D)/Pog (1) = ¢~ BOI=BI))/kT _ 2(np—na) K

5]z e
Pof(D)T(I',T) = Pog(I')T(T,T)



JBE R PRI DR AE R 2.7
B 53 MR %L
Z =Y W(S), S BIENIE
S

R 5
Z =Y W(S)P(B|S) = E)VSB
S,B

SRR T SRR G B JLE P(B|S) e —H0:

> P(BIS) =1
B

M= EZ T —MEEB, TELS RS

o BHBEFIED = {S,B} - I" = {5, B}

o HF LTEERRIERA TW (S, B) = W(S', B), FTLLIX 1S — S'HIER
?R BT(I,T) = 1.

o WHHE WU MAEEEEWANFEILEMWAY, 7T IR0
HAMEKT, MHEBRMEHEERK!



Cluster algorithm: Swendsen-Wang algorithm

5WolffRIEIEH &L
1 N BiehiEAin
2 HIELER]: HWolff BHiE—f, E2KRBIPTE£H
3 DAl 2 LERENLE A
4 [EF[1]



1Bz

The Metropolis algorithm can be used for any system
» Critical slowing down can be serious

» The dynamics can be slow also in non-critical systems, e.g., glassy

system.
Cluster algorithms
> other versions, e.g., Geometry cluster

» not working for

> Magnets with frustration: clusters span the whole system before
reaching critical point

> Magnets in external magnetic fields

> Most systems of particles in continuous space, no way to construct

clusters in general.



Wang-Landau algorithm

o Hbp: IHEEBRBES R K (A HE)Q(E)
> A S E HAE(ERIREL):

kT kgT o~ E/kpT
f=-rymZ=-"1n ZQ B

» RLYPE, HANARE



— &AM C ] i

HET HIASREE N (T) /N IE T IE ] 53 A

NI

X IE I BN A S E R R UE
o MIEIIHELTJLET(TV,T)
o Wi
T(I',T)W (') = T(I, "YW ()
o Metropolis H 1k

Py e W)
T, T) = min[1, WD ]




R, AT g — P REYLE AR, b= A AT ISR

N(T) 1
N T QE®D)

RIS ELTF PR AERESR I ASEL, il S X MR ] IKEQ(E)!

SR DO T AHECH R (IS4

(T, r)% =T(T, r’)Q(lr/)
HERET(T,T)H
QET))

T(T',T) = minll, m]

AR FATHAFSEFEQE), Bt EXERTTIES



IR I

o Goit EPT HiRAORIY HBIER A RO (histgram) H(E)
o T

H(E) = N](\;) x Q(E(T')) = constant

ABAN(T)/N ~ Q(E(T))

o TESKEN T iXFERSR AR T, A TG0 A RN AR A
RERIIRELH (B), NAZRE PR < RIS AR r Al A
K1

R HOISE] TER H90(E)



L RES

1 BEEQE) =1,H(E) =0, WEEHLF5 B -
2 M IR —HAET, RIBIVEQ(E) #

QET))

T, T) = min|[l, Q(E(F’))]

EZ B -
3 RIEE2P Z IR ML RER BTN (BRI I EHT
¥, TRBIHIEAEEIZAE)

H(E) — H(E)+1
QE) — [xQ(E)

fARTUZH— ML, BEHEf =2.718... =e

4 EEH2, SWHEIH(E)RW V. WZH(E)=0. 2f - f, &
WEMQE) (WEEUH) | BEIEE25, k8.

5 [23 B EE fETL: MRIBIRSERIESK, 1+ 1.d-8, B
HIEER, SERGTER .



Wi A
o A, RWP | WEEERESNH(E)EXTFH
0. 9% (XM ELEH).
o [ENMGFEIEY
BB TEF T NMITE, FREGREN/Ne, B Npit 250
BEL. Xflsing model, A Z HHEEN,: M—2N,E|2N,, [EfF4.
(ERAEENSZET 2N, +4,2N, — 4.)
o HTQE)WEREF K, BEHEETFERIT
Hg(E) =InQ(E).
o HTMCHEEMEMEIELT1/Q(E). BAHEQE)MELE RN,
TAZREPR: Llsing model AfFl, Q(2N,) = 2.
BAER, BIMEERAOZORE: WMEMEN)/NRE, IB4REILE
R eEE St AQE) FRE . RALIAE T4
1

Nﬂﬂﬁﬁ:ﬂﬂm

Q)

HIMTIRER H (F) A H L
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LR ARG S5 Y AR

Ising Model HJMonte Carlo #5f1]

1. faj S AR

2. EEMEME

3. BREE R 5 o, HRR ST HRE (finite-size scaling)
4. clusterfHi%

5. Wang-Landau algorithm

Quantum Monte Carlo simulations
1. Path integral representation
2. SSE QMC method
2(a). Heisenberg model
2(b). Bose-Hubbard (XXZ) model
3. Projector Quantum Monte Carlo methods



FARARIR
Thermal expectation value of a quantum system
1
(A) = ETr{Ae_ﬂH}, Z = Tre PH

We don’t know the eigenvalues and eigenstates of H.

We wish to write W ()
(4) =3 am) =
r

where

Z =Y W()
r

Then we can apply the basic idea of Monte Carlo: importance sampling

() = 5 - amy)
=1



Path integral representation



Path integrals in quantum statistical mechanics

"Time slicing” of the partition function
L
Z =Tr{e "} = Te{[[e "}, A, =B/L
1=1

Choose a basis and insert complete sets of states

Z=33"> Aaole ™ Hlag_1) - (asle ™ H|ag) (ar]e 2| ag)

Qg a1 ar—1

Approximation;

YA Z<O¢0|1 — A.,-H‘Oq,_1> cee <(X2|1 — ATH|041><041|1 — ATH|040>
{a}

Leads to error o A2. Limit A, — 0 can be taken.



Example: hard-core bosons

H:—ZKij:—Z(a;ai—&—aIaj) n; = ala; € {0,1}
(4:3) (4,3)
Equivalent to .S = 1/2 XY model

1
= g — + o - ¢t z
H_—zz(sisj +sg!s;.!)__z<s,. Sy + 8755, § =5
(4,9) (4,9)
"World line” representation of
7~ Z{a}<a0|1 — ATH|aL,1> s <052|1 — ATH|Ot1><041|1 — A-,—H|a0>

. ’ [Esas! 3 World line moves for MC
‘5 S é( A updating

i at

: L9 REER: E - E’
LS

;’ ¢ HEEE! N

i SR 3 7

; /4 ; H

Z = Z W({a}), W{a}) = AKX, nx =number of " jumps”

{a

-



Expectation values

HingHE(A), AI5H

(4) = 2 S {aole™ a1} -

{a}

TiHee A MC importance sampling

(4) = 2oy AW ({a})

Z{a} W({a})

= {(A{aD)w

> NABFWEE): KT, s,

(azle™ o) (e le™ 27 Alao)

W ({a}) = weight; A({a}) = estimator

A(fa}) =

Z

1=0




Expectation values
BRI (A), AT %

1 _ _ _
() = 2 S faole™*ar—1) -+ azle™*Jas) (@l Alao)
{a}

TN B E S ALUEAMC importance sampling

_ 2oy A{a)W({a}) - W ({a}) = weight; A({a}) = estimator
<A> - E{a} W({Oé}) - <A({a})>W
» JEXTAELF: Kinetic energy K = — Z(i,j) K;j;, Quantum Mechanics!
%UmKeiATK ~ K, *@i‘ﬂﬂzé [~estimator A({Oé})l Ei i ;{ < f{ j
_ {oa|Kij|ao) 1 EE ! i
K”({OZ}) - <(11|1 — ATK|(10> € {07 j} 4 {f

Average over all slices: count number of kinetic jumps
(Kij) =", (K) = —{) MATA, =8/L
(K) < N = (ni) o< BN: There should be of the order BN " jumps”



The continuous time limit

A, — 0: number of kinetic jumps remains finite, store events only

B-

I

Worm updates, Prokofev et al (1996);
loop update, Evertz, Lana, Marcu (1993);



Stochastic Series Expansion

Quantum Monte Carlo method



Series expansion representation

0o (=B)"

Taylor expansion e #H = Dom o

n

2=3 T S (ol Hlan ) - (ol Hlon) (| Hl)

n=0 {D‘}n

e Similar to the path integral!

e For hard-core bosons, the allowed path weights is W (path) = 5" /n!



Series expansion representation

Taylor expansion e 7% = ¢ =B pgn

n!

Z=3. (—ﬁ)” > (aoHlan 1) - {az| Hlan){a | H o)
n=0 {aTn

For any model, He #H = yo0 CA" pntt

n

(=23 CON S (aglHlan) - (ol Hlan)on Hlao)
=0 foadp 41

1 = (—8)"
= 23 O S (ol ) - (e Hlen)en Hloo)
n=0 " {a}n

PEWE)
Z=S"W(), T i{a}, BE, (H) = EW((F; _ %



Series expansion representation

Taylor expansion e #H = 37> A" pm

oo

(aoHlan—1) - - - (2| H|ax) (a1 | H|vo)
n=0 altn

LA
Z=3"w), Fth&%ﬂﬂ:§;wé;:%>

similarly,
C = (%) — (n)* - (n)
BEEIELLTN, FTlh(n) ~ NB; WA EIEWLTN, 0, ~ VNB, nHI5 iR

7| So, fix length of expansion: cut-off at L and fill in with unit operators
Hy=1



Fixed-length scheme

So, fix length of expansion: cut-off at L and fill in with unit operators
Hy=1

n = 5, H4H7H1H6H2
*>
L =8, HiHyH;H HyHcH,H)

2= S COE =l i an) - (sl Hap e (o | g o)

n is the number of H; with ¢ > 0 in the sequence of L operators
H=3 H, BEHE BE .



Stochastic Series expansion(SSE): s = 4 Heisenberg model

Write H as a bond sum for arbitrary lattice

Ny,
H=1J7Y Siv-Sin
b=1

Diagonal(1) and off-diagonal (2) bond operators

Hip = 3 —Si3,)Sie
_l/qt+ a— - gt
Hyp = §(Si(b)sj(b) + Si(b)sj(b))

0 1 0 1 0 1 0 1

N, 11 11 11 1|

b o e ® O ® O ® O
H=—-J H H J Ny ce eo oe oOoe
= — (Hip — Hop) + T T 0
— 4 23 23 23 23

Four Non-zero matrix elements= 1/2

| (b [Haol i), (bt (ool k), (s el dat), (el [Hopl 4i1y) |




Stochastic Series expansion(SSE): s = 4 Heisenberg model

Write H as a bond sum for arbitrary lattice

Ny

H=17Y St Sin

b=1

Four Non-zero matrix elements= 1/2

| (ads [Huol tads) (it [Haol Taba), (it [Hol dity), (ks [Haol Ji1)

Partition function

2= (1" LS 0 [T Hug il = S WD)
p=0 r

a n=0 Sn

n2 = number of off-diagonal op., EZ!

‘Configuration I: |a), Sn: a(p) =1,2;6(p) =1, -+ 72]\]‘

T IR o) BT S, RE




For fixed-length scheme, introduce Hy o =1,
a(p) =0,1,2;b(p) =0,1,--- ,2N

L—-1
Z = ZZ |HOH (p).b(p)|0)
«@ P

State propagate |a(p)) = Hf;ol Heu) w0y

pmrzas e e no is even for bipartite lattice!

spin[i] = +1 +1 -1 -1 +1 -1 +1 -1

e 0006080 P a(p) b(p) opstring[p] ° 9(p) — Operator—index string
L] .=0 O ® O & O : : 2 4
eeo0o0e0eo0 z : Z : > s(p)=0,ifa(p)=0
® ® O ® OO0 @ O
eeoceoceoco 2 € B > s(p) =2xb(p) +alp)—1
=] 5 1 3 6
e ®0®O0®oO0O0 )
eeceoceoco ° o 0 0 » diagonal s(p) = even
7 0 0 0
® ®© O ® O & O O .
ecoeoceoco ° T2 4 > off-diagonal s(p) = odd
®@ ® O ¢ O 0_. ] ° 2 6 13
eeocecoeo P o o ° oo (i) = spin state, i =1,..., N
— 11 2 4 9
® ® O O ® O ® O
eeo0o0eoso 12 o7 14 > only one has to be stored
SSE: an effective discrete representation



Monte Carlo updating scheme

Wia,sp) = (52!

Change the configuration; (a, S) — (o, S7)

W(Oé,, Si) Piclect (a/7 Sz)

1
W(a, SL) Pselect(av SL) ’ ]

Paccept - mln[

e Diagonal update: [0,0], <> [1, ],
@0 O0Oe@eO0e@eoO
®@ 00 ﬁ LN e

lap+l)) @ O O @ O @ ® O
lop)) @0 O0@e@0e@e@eo0

e Attempt at every p, need to know |a(p))
(GnRiEm i BHER S, ARENNE) |E R Bk
: flipping spins when off-diag op.

+1 41 -1 -1 +1 -1 +1 -1

® O O @ O
[—1
O e 0o e

o o0 O

o

o 0o o

[

[

o 6 o 0 0
0 00 O0O0

o o

o

..I
o o

IOOOOOOOO
0 0 0 O

|

0 0 0 0O

0O 00 0 0O0O0OO0OO0O OO

L]
o



Monte Carlo updating scheme

+1 41 -1 -1 +1 -1 +1 -1

ﬂ n L—?’?'
Wiesu) = () LEIols
- ® ¢ O O_. o @& O
Change the configuration; (a, S) — (o, S7) eeo0ecoeon
L N O=. O ® 0 O
! ! ! ! ® @@ O ¢ O ® O O
Paccept — mm[W(a 7SL) Pselect(a 7SL)71] e 0600060 0
W(a7SL) Pselect(a,SL) @@ 0008000
[ ] .=O ® O ?—? (o]
e Diagonal update: [0, 0], <> [1,b], eeo0eocoeo
lap+l)) @ O O ® O @ ® O @e0O0O@O0eeo ee0go0eo0
ap) ©0O0®O0@eO0 . e006O06eO :::z:z%
Psctect(a=0—a=1) =1/Np, Psctect(a=1—a=0) =1 n — current power,
on—n+1(a=0—1)
W(a=0) L-n’ Wi(a=1) B2
N,
acceptance prob. Paceept([0,0] = [1,0]) = mm[%7 ]
2(L — 1
Puccept([1,0] — [0,0]) = min[w7 1]

BNy



E#E 1L, loop update
o X ATEMASIRIEN AERT, 6B !
o BATRERINIH HREIMAENS A EFF (1) = (1Y) M AR
o ERFIX— It P AIEANE N, B LASEHIAEE A R R E A
¥%: loop update

—_ |
— W = {5 = ()
N N ELIT Ry L!
6 7 8 12345678
opstring[p] opstring[p]
® o ®e0e 00006080
4 — 5
oce | |
0 [ 0
.0 e
[ P = 8
° i 'oeo0e
— 13 R 13
o 1 40 e o0
6 = H 6
1 0.0,
0 [ H 0
-
0 Pr oL 0
&6t !
A — ! 5
[ eo0 i " ®0
— 13 P — 13
L] 1100 o
0
| &s ||
9 [ — 8
e o o e e o
— 14 = 14

@ e O 0O & O

L]
o
L]
o



Operator-loop update

Linked vertex storage

) 0 1 0 1 0 1 0 1
Legs of a vertex represents the spin 11 11 11 11
o e ® O ® O ® O
states before and after an operator has = = — —
o e e O o e oe
acted I I I I
2 3 2 3 2 3 2 3
P
Y
T 3 ' v X(v) v X(v) )
? 0 30 30 0 X(?))Z vertex list
1 31 31 1
T ) P2 2% |8 2 » operator at p
2 Y 3 16 16 3
1S "5 8 a2 42 8 U:4(p—1)+l,l:0,1,2,3
T D) 43 43 9
i e 10 7 |7 10 » links to next and previous leg
11 41 41 11
%8 . e Spin states between operations are represented by
it T links
(o]
* e network of linked vertices will be used for loop
et " .
L8 updates of operator strings
SRRRERE




Operator-loop update

Many spins and operators can be changed simultaneously

L]
[+]

Op=m=mmammnnns
d
o

|

Y )
.
=0

|

5

4
o e
|
o e

.
(]
L]

0- ==
.
o

D

L]
L]
[~}
[+
L

7 8

6
o e

L]
(=]

L]
o

o
*e—20

o

[+]
|
[}

opstring[p]
o

Use link X (v)

moving horizontally corresponds
to changing v even < odd
Label vertices

> a given loop is only
constructed once

> X (v) = —2: flipped loop

» X(v) = —1: not flipped loop

‘constructing all loops, flip with probability 1/2; save the changed s(p) ‘

o X ZE{Swendsen-Wang cluster 5%
o A IFENLIEIE— 1N,

‘FE RIS WolfFE



VW NN U AW N D

Operator-loop update

Many spins and operators can be changed simultaneously

i=12 3 456 78 12 3456 78
opstring[p] opstring [p]
®ee00e®@0 6080 ®®00@®0® O dowvg = Oto4L — 1step?2
s | | 4 oe | | 5 if (X (vg) < 0) cycle
0 [ 0 —
o e o v="0
T o e 9 S 8 if (random[0, 1] < 1/2) then
— 13 H N — 13 traverse the loop; for all v in loop, set X (v) = —1
) 1 80 e o0
6 H—— 6 else
o H-T - o traverse the loop; for all v in loop, set X (v) = —2
o H H o flip the operators in the loop
[ H endif
[—] 4 — 5
° e o ® 0 . o enddo
e 13 H > 13 flip: s(v/4) = ieor(s(v/4),1)
0 H 0
— I 6 | 8 traverse:v2 = ieor (v, 1)
o e e o o e e o ve = e ’
— 14 [—] 14
@ e 00@®0 00 e e 00e®O08e O

constructing all loops, flip with probability 1/2; save the changed s(p) ‘
o XK {Swendsen-Wang cluster 5.iZ%
o ATLIBENLIGE— 1B, R ©. HIEWolffRiA




modify the stored spin state

oy "
e O
{FFECHRESE S B e
Hy 55— 4R BRI IS — 25 Tl
) 3
> Vhrst(4) = location v of first leg on = :
site ¢ ’
> Viast(¢) = location v of last 25 .
ly) | =1
(currently) leg =3
> initialize all elements to -1 2 9 ;
—
i @ 8
EERERES

> spins with no operators, Vst = —1, flipped with probability 1/2
> if X (Vast(4)) = =2, flip it
> if X(Vast(7)) = —1, no operation



Determination of the cut-off L

Adjust during equilibration

> start with arbitrary (small) n ' : : :
6000+
> Keep track of number of operators
5000+
n
. . . 4000+ 0.006 1 7
> increase L if n is close to current = 0005
3000+ 4 1
L: L= %n o
= 0.003
2000+ 0,002 5
eExample: 16 x 16 system, 3 =16 oo
1000+ b
0 - -
e evolution of L . . o o
0 50 100 150 200 250

. . . o . MC sweeps
e n distribution after equilibration B



important estimators

e A SSE configuration
+1 41 -1 -1 +1 -1 +1 -1

@ ¢ OO0 0 @O )
— e energy estimator : number of operators,
® @ O O @ O ¢ O
©ee00e®068oO0 He=-n/B
® ®0 ® 00 @ O e spin stiffness estimator : winding number
— .
®e e 0O @ 0O @® OO fluctuations
| e |
® ¢ O ¢ O @ O O
2
e e 0 ® 088 00O _ W)
Ps = Ld—QB
® ¢ O ¢ O ¢ O O
| e | . .
@ ®e O O ® OO e staggered magnetization
— . .

e e0 e 00 @0 Mse = 3, (=1)itivs; /N
® ® O € O O ¢ O
® ¢ O O @ O @@ O

| e |
® © O O @ O @ O



Compare with exact results

Susceptibility of the 4 x 4 lattice

SR LGS RO H

» SSE results from 100 sweeps
X = R(M2), M, =3 5;

fE/N T T T T T T T
0.443148 § o o] .
r F g [
2
®
0443146 % = .
0443144 o N=1024 (SSE) i
o —— N = 1024 (T=0, exact)
® N =409 (SSE)
0.443142+ N = 4096 (T=0, exact) —
0.443140—L L L L L L L

8 9 10 12 13 14

11
m (B= 2%

0.08F

o improved estimator
© standard cstimator

0.06}-
4x10
= 210
0.04F g 20 H ilahl& ;{,i%J %ﬁ
o0zl 2x10° % }% ‘fﬂ }
_‘me’“ 0.5 1 1.5 2
0% 05 . LS 2

Beta Ansatz; Energy for long chains
» SSE results for 10° sweeps

> Beta Ansatz ground state E/N



2D Heisenberg model

Long-range order at T" = 0; magnetization
» Spin-wave theory prediction: mg = 0.3034
» SSE gives mg = 0.3074

T T T T
4 (
sk L x L lattices //,I_: . > IR R
o ol 1 . .
A e K mg = % Zi(_l)xﬁ-yzsi
o P 4
5ok " 4 ] KIEF (m?) > 0, for
S e =] N —
3 ouf e el .
5 o sz : » C(L/2,L/2) the spin
O s el 1 . .
o . ] correlation fuction at the
0.10 o s s .
oL o CQL2L2) 4 longest distance in a finite
' ' ’ — system

L " 1 i | i
0 0.01 002 003 004 005 006
1/L



7 NE

Anders Sandvik &t T
A basic SSE program (Fortran 90) for the 2D Heisenberg model
http://physics.bu.edu/~sandvik/programs/index.html



SSE for Bose-Hubbard model

N
H=—t> (bib; +b7b) an ni—1) = py ni,
i=1

(i)

two ways from MI to SF

two ground states SF and Ml

" Greiner et al., Nature (102)

» MI: integer filling, insulating, gaped
» SF: any filling fraction, gapless




SSE for Bose-Hubbard model

Bose-Hubbard model

H=—t Z(ajaj—&-aiaj')—l—%Zni(ni—l)—uZni
i i

<ij>
Rt LB ERRTRMETHEE: BN, ZEN%
o HIRECRS

la) = [n1,ma, -+, nN), TEEW: n, =0, -, Nnas
o MRS RBEARM: H=—-Y", ae12Hap
I U
Hyy = = (nig) +150) = 5 (Mie) (i) = 1) +750) () — 1))+ Cada

Hyp = t(aIb)%’(b) + az‘(b>aj+<b>)



Stochastic Series Expansion

o> B AT {ESSE

M

z = 2 P ), 0, ato - 1)
o Sy p=1
= ZZW(O(,SM)
o Sy

B2 HFETT AT AR T Heisenberg model
o LU RERZ B RHGI(n; =0,1)

< 00|H1,00 >, < 11|Hq 3|11 >, < 01|H1 4|01 >, < 10|H1 5|10 >

< Ol‘HQ’bl].O >, < 10|H27b|01 >



X FTEAL

o XTAEMLAERIEXRE Sy HHIBRAREFT [0,0] X AR
F[1,0], EANBERANE o), HEEEREERH S

L. ([0,0], = [1,0]p)

[ ] O [ J ©) [ ] O ® O
—_—> ——
[ ] O [ J ©) [ ] @) [ J O



A5 7] FEl7E 1L, directed loop updates

Bl Sk T T BT, T A U g 2K
(a) RGBT, (b)EHITIEIT, ()RELIETT, (d)ZBKEETT.



A5 7] FEl7E 1L, directed loop updates

O @& O O e O
— —

O O [ O

—

—_— O [ O

O O [ ] O
I —

O [ J O O [ ] O

B ET RS — i O 2 B AT E R A

H R B P Sk T IR E SRR 1 o

A E R R RO

WP (i — j) B it W L, IRIBAECEE, B
TR

> ERIEA] LlZ&heat-bath, {HEIF >R 50 S 3 solution B.

Syljuasen and Sandvik, PRE 66, 046701(2002); Syljuasen, PRE 67,
046701 (2003).

v



Projector Quantum Monte Carlo method

Liang, PRB 1990; Sandvik, PRL 2005

For ground state calculations

(Wo|U (1) AU (7)[ o)

Zc ACwC

W = Um0 ) %)

Zc WC

e A, is the estimator of A.
e U(T)=H" or U(7) = exp(—7H)




SSE Quantum Monte Carlo method

e A SSE configuration
-1 +1-1 -1 +1 -1 +1 +1

e S, basis
@ ® O 0O@®@ O@O0 .
— e diagonal and loop updates
@ OO0 @ OO0 .
28D oS oNo e observables and estimators
@ @ 0@ OO0 @O e energy estimator : number of operators,
@0 00©@O0@®O00 He=—-n/B
@ @0 @ 0@ O O e spin stiffness estimator : winding number
@ @ 0O O® OO fluctuations
o e o] 2
®@ @ O @ O o= (W2)
@ ® O® O@ OO0 s Li—283
@09 0000 ®O0 o
e staggered magnetization
@ ® O @® OO0 @O0 Z(l)i-"iy /N
— m — (— x S;
© 00000800 * : ”
—
@ @ O 0O@®@ O @O



Projector Quantum Monte Carlo method

e using VB basis (in the singlet sector S = 0)

|¥) = va|”>a [v) = |(a1,b1) - (any2,bny2))

—



Projector Quantum Monte Carlo method

e take U(7) = exp (—7H), SSE representation — Z = W,

e in the combined basis, loop update algorithm is applied Sandvik and
Evertz, PRB 2010

° o0 oge— @

a(-\b C(-\: <O— ofe i .H. [ J O[O>
Pusl(a,b)(c, d)) = |(a, b)(c, d)) o — 00 olo o
Picl(a,b)(e,d)) = 1[(a,d) (e ) <o:|o o f )



Expectation values

e energy estimator: H, = —n/27 (for U(1) = exp(—7H))

e correlation functions computed using transition graphs

) Tl

VIR 1PN ¢

) (VO

) 07

1) CLOICIC =% %

lIJ| —n) (—I‘] [T
H H
0, ()l
(Si-8;)={ 4 -
1Pij (Za])Lv

¢i; = £1, 1, j on the same/different sublattice
Beach and Sandvik, Nucl. Phys. B 750, 142(2006)

Vi|ve}

e spin stiffness can also be calculated Liu, Guo, and Sanvik, to be

published



Extend valence-bond basis to total spin .S > 0 states

Tang and Sandvik PRL 2011, Banerjee and Damle JSTAT 2010
Consider S, = S sector; 25 unpaired "up” spins

i Pal(@,0), (1)) = 51(@,6), (1), -+
a b ¢

d e 1
Pbc|(aa b)7 (TC)a o > = 5‘(Ta)v (ba C)7 o >

e In the combined basis, loop updates are applied

S N oflo—#
o — ‘.’

study spinon bound states and unbinding

)




transition graphs extended to .S > 0

e for even NN spins:

@ @ (V3|Va), 2 loops
- (Vs(i, DIVali, k),
w Ioon,]2 strings

e for odd N spins:

(Va () Va(D),
S=1/2 '3 Q@ 1 Iiop, 1 string

e transition graph has 25 open strings:

U »n
Il
= O

one spinon — one string



The two-spinon distance in the J-()2 model

e aS=1statein2D

2)23)))
122)
i)))
>)))
eJ))

2)23)))

)))
1))
1))
1))

A QMC transition graph representing (1 |wg) of S = 1 states

e two strings (spinons) in a background of loops formed by valence
bonds.

e two strings represent two spinons in bound state




RSl DE 2L
http://ddl.escience.cn/f/zXHh

P T
https://physics.bu.edu/~sandvik/huairoul6/



Thank you!
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