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Stochastic Series Expansion Methods



Series expansion representation
Start from the Taylor expansion (no approximation)
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- no branching during propagation with operator string
- some strings not allowed (illegal operations) gn
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We can make this look more similar to a path integral by
introducing partially propagated states: |o,) = H, ---H,,H,, |og)
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Relabel terms of n-sum: replace n+1 by n we can extend the

sum to include n=0,
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Therefore the energy is: F = ——<n>/ B
Can also derive specific heat: C = (n?) — (n)* — (n)

Follows: (n) x BN, o0, x /BN




Fixed string-length scheme

- n fluctuating — varying size of the sampled configurations

- the expansion can be truncated at some Nmax=L
(exponentially small error if large enough)

- cutt-off at n=L, fill in operator string with unit operators Ho=I
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- overcounting of original strings, correct by = L
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Here n is the number of H;, i>0 instances in the sequence of L ops
- the summation over n is now implicit

L can be chosen automatically by the simulation (shown later)




Stochastic Series expansion (SSE): $S=1/2 Heisenberg model
Write H as a bond sum for arbitrary lattice

2D square lattice

- Z S@(()) g(b bond and site labels
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L = 3 5090
2ol rok +
Hap = 2(S@'(b) 7(b) 32 S@(b)SJ( ))'
Ny
e
H=-J) (H1,—Hyp)+ ——
> (Hip— Hyy) 7
b=1
Four non-zero matrix elements
(o) e Hisl Tl ey —5 0 Lo [Heel o lbe) —3
Ly Ty [ H1pl Liwy T50)) = 3 Tawy L) 1 H2p) Liy Ti0)) = 3
Partition function
o0 gn n— n2 = number of a(i)=2
= o (off-diagonal operators)

Index sequence: S, = [a(0),b(0)], [a(1),b(1)],...,|la(n —1),b(n —1)




For fixed-length scheme
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SSE effectively provides a discrete representation of the time continuum!

- computational advantage; only integer operations in sampling
- 0000000000000



Monte Carlo sampling scheme
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Pseudocode: Sweep of diagonal updates

dop=0to L —1
if (s(p) = 0) then
b =random|1l, ..., Np]
if o(i(b)) = o(j(b)) cycle
if (random[0 — 1] < Pipsert(n)) then s(p) = 2b; n = n 4+ 1 endif
elseif (mod[s(p),2] = 0) then
if (random[0 — 1| < Premove(n)) then s(p) = 0; n = n — 1 endif
else
d{)f: s(p)/2; (i(b)) = —a(i(b)); o (§(b)) = —o(5(b))
enddo

Code explanation:

- To insert operator, bond b generated at random among 1,...,Np
- can be done only if connected spins i(b),j(b) are anti-parallel
- if so, do it with probability Pinsert(n)

- Existing diagonal operator can always be removed
- do it with probability Premove(n)

- If off-diagonal operator, advance the state
- extract bond b, flip spins at i(b),j(b)



Off-diagonal updates
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Local update

Change the type

of two operators

- constraints

* inefficient

« cannot change
winding
numbers

Operator-loop
update

* Many spins

and operators
can be
changed
simultaneously
can change
winding
numbers




